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An approximation method for electrostatic time-of-flight (ToF) spectroscopy on photoelectrons
distributed over a wide energy range is presented. This method is an extension of conventional anal-
ysis and aims at specific energy and angular regions, where distinctly different emission angles and
energies are mapped to the same ToF and detector position by the spectrometer. The general formu-
lation and the systematic errors are presented, and a practical example is demonstrated for photoelec-
trons from Ag(001) with kinetic energies of 0.5–25 eV. © 2018 Author(s). All article content,
except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5048515

I. INTRODUCTION

Time-of-flight (ToF) spectroscopy of charged particles
allows the detection of many spectroscopic channels in paral-
lel. In ion mass spectroscopy, a wide range of charge to mass
ratio of ions is analyzed simultaneously,1,2 and in electron
spectroscopy, a large phase space of emission angle and
kinetic energy can be acquired at the same time using
angle-resolving detection.3,4 Recently, due to the importance
of angle-resolved photoelectron spectroscopy (ARPES) on
studying electronic properties of novel materials, ToF
spectroscopy of photoelectrons has been developed
remarkably.5–12

In contrast to conventional hemispherical energy analyz-
ers, in ToF-based ARPES, the two-dimensional (2D) emis-
sion angular distribution (θ, f) and the corresponding energy
(E) spectra are measured in a single experiment.3,4 Generally,
a ToF spectrometer acquires the hit position of an individual
photoelectron (x, y) on a 2D detector and its ToF from the
sample to the detector (t). In an ideal case, the spectrometer
should perform a one-to-one mapping from (θ, f, E) to
(x, y, t), which allows (θ, f, E) to be retrieved from the
detected (x, y, t) coordinates as shown in Fig. 1(a).

However, the one-to-one forward mapping can only be
guaranteed in a limited energy and angular range,13,14

beyond which the ToF spectrometer performs a many-to-one
forward mapping from (θ, f, E) to (x, y, t) such as in
Fig. 1(b). The restricted energy range of the one-to-one
mapping not only puts an upper bound for the efficiency of
ToF spectroscopy but may also inhibit advanced experi-
ments, where a wide energy range is especially desirable. An
example for such experiments is coincidence photoelectron

spectroscopy,15–19 where the total detection efficiency scales
quadratically with that of the individual spectrometer.20

In this paper, we present a general extension of the
conventional method to analyze the photoelectron events
in a ToF-based spectrometer. This analysis includes the
many-to-one forward mapping such as in Fig. 1(b) and
allows one to extend the available angular and energy
range. The method is based on assumptions for the distribu-
tion among the multiple (θi, fi, Ei) events that are mapped
to the same (x, y, t) detector coordinates by the ToF spec-
trometer. The resultant systematic error in the retrieved
emission coordinates of photoelectrons (θ, f, E) can be
quantified according to the imaging properties of the spec-
trometer. In the following, we describe this approximation
and illustrate it with a commercial ToF spectrometer.21 As
an example, we apply this analysis to ARPES on a Ag(001)
with photoelectrons distributed over a kinetic energy range
from 0.5 to 25 eV.

II. FORMULATION OF APPROXIMATION

In conventional analyses, the one-to-one mapping in
Fig. 1(a) is considered as a transformation between an infini-
tesimal volume Δx� Δy� Δt around the detector coordinates
(x, y, t) to a volume element Δθ � Δf� ΔE in the photo-
emission configuration space (θ, f, E). The analyses rely on
a grid in the (x, y, t) space consisting of contours with cons-
tant θ, f, and E, which are calculated beforehand by simula-
tions of electron trajectories. For each individual
photoelectron, the event detected with its (x, y, t) coordinates,
an interpolation between the contours of the grid is per-
formed in order to obtain the corresponding (θ, f, E) values.
The work flow of the conventional analysis is shown by the
left side of Fig. 2 (black), and its precision can be estimated
from experiments, where the resolutions of the spectrometers
are examined in detail. Typical values of optimal resolutions
can be better than 0.2� and 5 meV with spectrometer settings
of low kinetic (Ekin) and pass energies (Epass).

4,11 These
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settings are specifically chosen for high energy resolution
whereas the available energy window is only of few eV
wide. For wide energy applications, settings with a higher
Epass need to be applied, resulting in an inevitable trade-off
to a lower energy resolution. In this paper, we will demon-
strate an application of wide energy range, which will have
an energy resolution of about 180 meV in the conventional
analysis22 and will be discussed in detail later.

Whereas conventional analyses do not introduce addi-
tional uncertainties formally, in practice their accuracies are
limited by the precision of the electron trajectory simula-
tions as well as the spatial and time resolutions of the

detector. For example, considering two individual events
which are detected in proximity much closer than the
spatial and time resolutions of the detector, their detector
coordinates (x, y, t) cannot be distinguished from each other
despite of their distinctly different emission coordinates
(θ, f, E). As a result, these two events are apparently
related to the same detector coordinates due to the limited
detector resolutions, as if they would be mapped by the
spectrometer in a two-to-one forward mapping as in
Fig. 1(b). Therefore, in spite of the formally well-defined
boundary between the one-to-one and the many-to-one
mappings as shown in Fig. 1, in practical analyses, this
boundary is determined by the detector resolutions and the
precision of the trajectory simulations.

For cases where the different (θ, f, E) coordinates in a
many-to-one mapping have only small discrepancies as
compared to the spectrometer resolution, they can be
evaluated without a significant degradation of the overall
resolution. To perform such an evaluation, an assumption
regarding the distribution among the different (θ, f, E)
coordinates in the many-to-one mapping is required.
For clarity, we illustrate our approximation for the back-
ward mapping of the two-to-one mapping in Fig. 1(b)
as follows:

With weighting w1:

Δx� Δy� Δt ! Δθ1 � Δf1 � ΔE1

(x, y, t) ! (θ1, f1, E1):

With weighting w2:

Δx� Δy� Δt ! Δθ2 � Δf2 � ΔE2

(x, y, t) ! (θ2, f2, E2):

In this approximation, we assign the detected event at
(x, y, t) with a weighting factor w1 to the emission coordi-
nates (θ1, f1, E1), and with a factor w2 to (θ2, f2, E2).
Assumptions of factors w1 and w2 need to be made, which
should not generate features only at some specific energy or
angular coordinates. Moreover, these factors need to be nor-
malized by w1 þ w2 ¼ 1 since the number of events should
be conserved in both the forward and the backward map-
pings. In a general case of an n-to-one forward mapping,
where n different (θi, fi, Ei) with i ¼ 1 to n are mapped to
the same (x, y, t), n different weighting factors are needed
with a constraint

Pn
i¼1 wi ¼ 1. In Fig. 2, this work flow for

the many-to-one mapping is shown (blue).
The systematic error due to this approximation can be

quantified by considering an incident photoelectron with
emission coordinates (θin, fin, Ein) that arrives in the spec-
trometer at the detector coordinates (x, y, t). In case (x, y, t)
do not allow a one-to-one backward mapping, this event
must stem from n different emission coordinates with n . 1.
The approximated backward mapping will deliver these n
different emission coordinates (θi, fi, Ei), each with a corre-
sponding weighting factor wi. Since only one set of the n dif-
ferent (θi, fi, Ei) coordinates matches (θin, fin, Ein), the
difference between (θin, fin, Ein) and the other n-1 sets of
(θi, fi, Ei) leads to errors in the approximated backward

FIG. 2. Work flow of conventional analysis for one-to-one mapping (black)
and the approximated method to analyze the many-to-one mapping (blue).
Detected photoelectrons are registered in the photoelectron spectrum by the
event counter.

FIG. 1. (a) One-to-one mapping from the photoelectron emission angles
(θ, f) and kinetic energy (E) to the hit position on the 2D detector (x, y) and
ToF (t). For small regions in the θ-f-E configuration space, multiple θ-f-E
combinations lead to identical detection events as illustrated by the
two-to-one mapping from (θ, f, E) to (x, y, t) in (b). The approximated
backward mapping is indicated by the dashed arrows. The inset exemplifies
the polar (θ) and the azimuthal (f) angles with respect to the spectrometer
axis (dotted) in the case of a cylindrical ToF spectrometer.
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mapping. The resultant systematic error in energy and emis-
sion angles due to the approximated backward mapping can
be evaluated as

σE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i¼1

wi � (Ei � Ein)2
s

,

σθ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i¼1

wi � (θi � θin)2
s

:

(1)

Similarly, the systematic error for the emission angle f can
be calculated. These errors have an upper bound as given by
the maximum difference between the n different values of
(θi, fi, Ei). Take σE for the case of n ¼ 2 as an example, its
upper bound is σmax

E ¼ Emax � Emin according to Eq. (1),23

where Emax and Emin are the maximum and the minimum,
respectively, among the two different values of Ei. Generally,
the errors σE, σθ, and σf depend on wi. Often the possible
photoemission events that are mapped to the same (x, y, t)
are rather close to each other in the (θi, fi, Ei) configuration
space, and the formal ambiguity might introduce only a
small error.

III. PRACTICAL EXAMPLE

In the following, we demonstrate a practical example for
the approximated backward mapping in Sec. II using a com-
mercial ToF spectrometer.11,21 The settings of the spectrome-
ter are wide-angle-mode with a nominal kinetic energy (Ekin)
of 8 eV and a pass energy (Epass) of 60 eV. Due to the cylin-
drical symmetry with respect to the optical axis of the spec-
trometer, the three-dimensional (3D) emission coordinates
(θ, f, E) can be reduced to (θ, E) and displayed on the 2D
plane as shown in Fig. 3(a). Correspondingly, the 3D volume
Δθ � Δf� ΔE is reduced to an area of a triangle
Δθ � ΔE=2. Here, we intentionally use a triangular grid

instead of a rectangular grid, since only a triangle can be
mapped to the detector space in general without producing
any additional crossing between its edges. As shown in
Fig. 3(a), the triangles are defined by neighboring (θ, E)
points and cover the spectrometer acceptance range. In
Fig. 3(a), a low resolution of Δθ and ΔE is selected for better
visualization.

The emission coordinates (θ, E) are connected to the
detector coordinates (r, t) by the forward mapping according
to the electrostatic model of the spectrometer.24 Here, the
radial position r appears instead of the 2D coordinates (x, y)
due to the cylindrical symmetry, and its origin is located at
the spectrometer axis.25 As a consequence, the forward
mapping transforms the (θ, E) grid in Fig. 3(a) to the (r, t)
grid in Fig. 3(b).

A. Two-to-one forward mapping

To illustrate a practical example of the two-to-one
forward mapping as formally outlined in Fig. 1(b), we con-
sider two triangular elements on the (θ, E) plane in Fig. 3(a)
(filled) and their corresponding triangles on the (r, t) plane in
Fig. 3(b). As shown in the insets of Fig. 3(b), these two trian-
gles have an overlap on the (r, t) plane. As a consequence,
detected events in this overlapping (r, t) region can originate
from either of the two triangles on the (θ, E) plane. As an
example, two independent events with different emission
angles and energies are indicated by the blue dots in the inset
of Fig. 3(a), which arrive at the same detector coordinates as
indicated in the inset of Fig. 3(b). Consequently, a two-to-one
forward mapping occurs within this overlapping (r, t) region
and it corresponds to the formal situation in Fig. 1(b).

B. Error estimation

The error estimation in the approximated backward
mapping is a crucial aspect to judge the usefulness of the

FIG. 3. (a) Grid of the (θ, E) emission coordinates of photoelectrons entering the ToF-spectrometer21 and (b) the corresponding grid of the (r, t) detector coor-
dinates after the forward mapping. The insets (yellow boxes) show two simulated events (blue dots) with different (θ, E) arriving at the same (r, t). Such a
two-to-one forward mapping is indicated by the overlapping region between the filled triangles (colored) in (b). Solid and dashed arrows indicate exemplary
contours with a constant E and a constant θ, respectively.
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extended analysis. Ideally, the backward mapping should
transform the detector coordinates (r, t) in Fig. 3(b) to the
emission coordinates (θ, E) in Fig. 3(a) without introducing
any error. However, since in the forward mapping an
n-to-one mapping with n . 1 can occur as shown in
Fig. 1(b) and described in Sec. III A, the approximated back-
ward mapping as formulated in Sec. II is required. In
Fig. 4(a), the order n for the spectrometer settings in Fig. 3 is
shown. Note that in a practical application, mainly regions
with n � 3 will be used. In the approximated backward
mapping, we assume a distribution of the weighting factor wi

proportional to the solid angle Ωi in the proximity of the
(θi, Ei) emission coordinates and inversely proportional to its
corresponding area Ai on the (r, t) plane,

wi ¼ Ωi=AiPn
i¼1 Ωi=Ai

: (2)

Here, the normalization condition
Pn

i¼1 wi ¼ 1 is fulfilled by
the summation in the denominator. With this choice of wi,
the original distribution of photoelectrons can be retrieved if

it is homogeneous over the angular and energy range of the
many-to-one mapping. For the same spectrometer settings as
in Fig. 4(a), the systematic errors σE and σθ are derived
according to Eq. (1) and displayed in Figs. 4(b) and 4(c).

The maximum of the systematic error in energy σE for
the specific spectrometer settings21 in Fig. 4(b) is up to
0.45 eV in the region around 2 eV and around 22 eV for a
small range of small emission angles. This value is only
about a factor of 2 worse than the energy resolution in the
conventional analysis of the spectrometer settings for a wide
energy range,22 which may be acceptable for experiments
aiming only at a moderate energy resolution. The angular
error σθ in Fig. 4(c) is smaller than 7� except in the low
energy region near E ¼ 2 eV or at large entry angles θ �14�.
The large σθ in these regions can be understood by consider-
ing the focus of the ToF spectrometer, where photoelectrons
with largely different emission angles are mapped onto a
small area near the center r � 0 of the 2D detector.26,27

For application to other energy ranges, a similar pattern
as in Fig. 4(a) needs to be used according to the different
kinetic (Ekin) and pass energy (Epass) settings of the spec-
trometer.11,21 When increasing Ekin, the middle n ¼ 1 region
in Fig. 4(a) will shift towards higher energies. In addition,
the ratio between its energetic extension to the value of Epass

will increase as the ratio Ekin=Epass increases. As an example,
the central n ¼ 1 region for (Ekin, Epass) ¼ (8, 60) eV has a
width of about 15 eV at θ ¼ 0� as can be seen in Fig. 4(a),
and it expands to about 24 eV for the settings of Ekin ¼ 16 eV
at the same Epass. Accordingly, the many-to-one regions on
the lower and higher energy sides will be shifted in energy.
Moreover, as shown in Fig. 3(a), the many-to-one mapping
occurs between (θ, E) coordinates with comparable energies
but different angles. Therefore, we may expect that σE in
Fig. 4(b) would scale with the energy width of the
many-to-one regions when varying Ekin and Epass, whereas σθ

could remain sizable as in Fig. 4(c). As shown in Fig. 4(b),
the maximum of σE for (Ekin, Epass) ¼ (8, 60) eV is about
0.45 eV at E � 2 eV, and it increases up to about 1.3 eV at
E � 7 eV for the settings (Ekin, Epass) ¼ (16, 60) eV.

C. Photoelectron spectroscopy (ARPES) on Ag(001)

The approximated backward mapping is demonstrated
and compared with conventional one-to-one backward
mapping in Fig. 5 for ARPES experiments on a Ag(001)
surface. The photoelectrons are excited by a high-order har-
monic light source28 and analyzed by the ToF spectrometer
presented in Secs. III A and III B. The settings of the spec-
trometer were a wide-angle-mode with a nominal kinetic
energy (Ekin) of 8 eV, a pass energy (Epass) of 60 eV. The
corresponding energy and angular acceptance ranges are dis-
played by the grid in Fig. 3(a) as well as by the filled area in
Fig. 4(a), having a central one-to-one mapping region within
E ¼ 9+ 4 eV for θ ¼ +15�. The photon flux was estimated
as 3�105 photons/s, with a pulse duration of around 2 ps, an
estimated bandwidth of 70 meV at the 32 eV photon energy,
and a spot size measured on the sample of 100+ 30 μm.
The total acquisition time was 11 min. In Fig. 5(a), only
photoelectron events at the (r, t) detector coordinates with a

FIG. 4. (a) Order n of the forward mapping,21 which transforms events from
(θ, E) in Fig. 3(a) to (r, t) in Fig. 3(b). In (b) and (c), the systematic error in
energy (σE) and angle (σθ) according to Eq. (1) due to the approximated
backward mapping are shown, respectively. In conventional analysis, only
regions with n ¼ 1 are considered.
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one-to-one correspondence to the (θ, E) emission coordinates
are considered. In Fig. 5(b), the approximation method in
Sec. II is additionally applied on the same measured dataset
with the weighting factors in Eq. (2) in order to retrieve
events from the n-to-one forward mapping by the spectrometer.

By comparing Figs. 5(a) and 5(b), we can clearly see
that more photoelectron events are analyzed when the
approximated backward mapping is used. More specifically,
in the comparison in Fig. 5(d), a fourfold intensity increase

at the Ag 4d bands can be clearly seen when using the
approximated backward mapping. Therefore, the approxi-
mated backward mapping provides an opportunity to analyze
more photoelectron events in an extended energy range as
detected by the ToF-spectrometer.

In addition, the angular distributions of Ag d electrons
from 22 to 24 eV are shown by the filled spectra in Figs. 5(a)
and 5(b), with a corresponding error in Fig. 4(c) up to 5�.
This sizable error is due to the focusing of electron trajectories
with various emission angles near t ¼ 170 ns as can be seen
in Fig. 3(b). Furthermore, in Fig. 5(c), we show the change in
the case of more simplified weighting factors wi ¼ 1=n instead
of Eq. (2). This change may be viewed as an estimation for
the systematic error in the intensity.

Last but not least, we discuss the influence of the detector
resolution to the spectra in Fig. 5(b). As an example, we con-
sider the energy broadening (ΔE) due to the detector time reso-
lution, which dominates over the contribution of the detector
spatial resolution for our settings. From the forward mapping
in Sec. III A, we can extract the dependence of the kinetic
energy of electron (E) on the time-of-flight (t) as quantified by
(@E=@t)r. This quantity provides an estimation for the energy
broadening due to a given resolution of the time-of-flight mea-
surement. With an assumed time resolution Δt � 0:24 ns in
the experiments, we estimate an energy resolution by
Δt(@E=@t)r � 180 meV at around 25 eV. This value is in
agreement with our previous experiments with similar set-
tings22 and can be compared with the systematic energy error
due to the approximated backward mapping in Fig. 4(b).

IV. SUMMARY

To summarize, we demonstrate an approximation
method to extend the energy and angular range of photoelec-
trons that can be analyzed using time-of-flight (ToF) spectro-
scopy. Our approximation allows one to analyze
photoelectron events whose emission coordinates (θ, f, E)
are mapped to the detector coordinates (x, y, t) in a
many-to-one mapping. Conventionally, these events are
detected in parallel with the events in the one-to-one
mapping, but they are abandoned in the data analysis. In the
approximation, we assume a given distribution among the
multiple emission coordinates (θi, fi, Ei) that correspond to
the same (x, y, t). The resultant systematic errors in the
retrieved energy and emission angles have upper bounds, and
they are given by the maximum difference between the emis-
sion coordinates (θi, fi, Ei) that are mapped to the same
detector coordinates (x, y, t) by the spectrometer. As a practi-
cal example, we measure photoelectrons from a Ag(001)
surface using a commercial ToF spectrometer and analyze
them with the approximated backward mapping. As a result,
the photoelectrons distributed over a kinetic energy range
from 0.5 to 25 eV can be analyzed in parallel. In combination
with conventional ToF analysis, our approximation method
assists to characterize photoelectrons more efficiently and
is important for advanced spectroscopies with demanding
statistics, such as coincidence electron spectroscopies at sur-
faces.22,29 In addition, our method may be extended to spec-
trometers with non-cylindrical symmetries.

FIG. 5. Distribution of photoelectrons from Ag(001) excited by s-polarized
light with 32 eV photon energy. Light incidence is parallel to the surface
normal, and the entry angle 0� into the spectrometer corresponds to an emis-
sion angle of 45� from the surface normal. In (a), only the one-to-one back-
ward mapping is used, and in (b) the approximated backward mapping is
additionally applied. In (c), the change in the approximated backward
mapping due to a more simplified weighting factor wi ¼ 1=n is shown.
Angle-integrated spectra from (a) and (b) are shown in (d). The dashed line
indicates the onset of emission from the Ag d bands about 4 eV below the
Fermi-level. Filled spectra (blue) in (a) and (b) show the angular distribution
integrated from 22 to 24 eV, with an error bar σθ in (b) up to 5 � according
to Fig. 4(c).
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