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Subpetahertz helicity-modulated high-order harmonic radiation
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We demonstrate a scheme to produce coherent extreme ultraviolet and soft x-ray radiation with subpetahertz
temporal helicity modulation, based on the high harmonic generation from current-carrying orbitals driven by
intense linearly polarized laser fields. It is found that the electronic angular momentum of the orbitals oscillates
periodically in femtosecond scale in the driving field. This so-far undescribed phenomenon is qualitatively
interpreted and attributed to the laser-induced energy shift of orbitals. Consequently, the polarization of the
harmonic radiation switches periodically in the temporal domain between left and right elliptical polarizations,
and the frequency of the helicity modulation reaches subpetahertz. By varying the intensity of the laser field, the
modulation frequency can be continuously controlled. This light source will serve as a potential tool to detect
and manipulate the ultrafast dynamics in magnetic materials and chiral media.
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I. INTRODUCTION

Ultrafast coherent radiation in extreme ultraviolet (XUV)
and soft x-ray regions, with its novel and unique capabilities,
provides an unprecedented tool to explore the features and
dynamical processes of matter. The corresponding studies have
shed light on numerous scientific areas such as atomic, molec-
ular and optical physics, condensed matter physics, chemistry,
biology, medicine, etc. [1–6]. Motivated by the abundant
applications, generation of XUV and soft x-ray radiations
has been intensely studied with paramount interest. To date,
such coherent radiation has been available at some large-
scale x-ray facilities, such as synchrotrons or free-electron
lasers (FELs) with linear, elliptical, or circular polarization
[7–10]. The duration of the synchrotron and FEL pulses is
generally limited to the femtosecond timescale. In parallel,
an alternative and complementary way based on the high
harmonic generation (HHG) has been developed in the past
decades [11–19]. The HHG light source, resulting from the
extreme nonlinear response of matter to intense laser field,
can be realized on a table-top scale, as opposed to the large
synchrotrons and FEL facilities. Moreover, the pulse duration
from the HHG is in the attosecond (as) timescale with the
shortest record being 43 as [18]. As the natural time of electrons
in atoms and molecules is in the subfemtosecond or attosecond
regime, the radiation of HHG provides the capability to explore
the real-time electronic dynamics with both high spatial and
temporal resolutions [20–25].
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The HHG process can be well understood with the three-
step recollision model [26]. According to the recollision
mechanism of HHG, it was believed to be impossible to
efficiently generate nonlinearly polarized high harmonics for
many years. Therefore, in the past decades, a vast majority of
works only focused on the generation of the linearly polarized
XUV and x-ray attosecond pulses. However, numerous works
have shown that the circularly polarized (CP) and elliptically
polarized (EP) XUV and x-ray radiations play significant roles
in studying the chiral and magnetic properties and dynamics
of matter [27–33]. Motivated by these important applications,
experimental and theoretical efforts have been recently devoted
to producing CP or EP high harmonics. To achieve the objec-
tive, one can both control the HHG process microscopically
[31–41] and macroscopically [42]. The obtained CP or EP
high harmonic radiations have been applied in different studies
[43,44], for example, to extract the magneto-optical (MO) ab-
sorption coefficient of Co, Fe, and Gd from the x-ray magnetic
circular dichroism (XMCD) measurements [32,33]. So far, the
generated CP and EP XUV and soft x-ray radiations, from
all the existing methods, are polarized with similar ellipticity
and the same helicity (the sign of ellipticity indicating the
rotation direction) in temporal domain. The ultrafast dynamical
manipulation of the polarization has rarely been studied.

In our study, we demonstrate a scheme to produce coherent
XUV and soft x-ray radiation with subpetahertz (sub-PHz)
helicity modulation in temporal domain. The strategy is based
on the HHG from a current-carrying orbital (CCO) [45–48]
driven by a linearly polarized laser field, and is numerically
demonstrated by solving the time-dependent Schrödinger
equation (TDSE). We first show that, in the driving field,
the time-dependent (TD) wave function evolves periodically
between orbitals with opposite angular momenta. This intrigu-
ing phenomenon is qualitatively interpreted under adiabatic
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approximation and attributed to the different energy shifts of
the instantaneous eigenstates. Then we show that, from this
time-varying orbital, the helicity of the high harmonic radiation
switches periodically over time between +1 and −1. The
frequency of the helicity modulation reaches sub-PHz and can
be continuously adjusted by the intensity of the driving field.

The paper is arranged as follows: In Sec. II we briefly
present the theoretical model. In Sec. III A, an intriguing
phenomenon, i.e., an evolution of the TD wave function with
ultrafast orbital angular momentum oscillation, is presented
and interpreted based on the adiabatic approximation. In
Sec. III B we demonstrate a scheme to produce coherent
extreme ultraviolet and soft x-ray radiation with subpetahertz
temporal helicity modulation based on this phenomenon.
Finally, we summarize our findings in Sec. IV.

II. THEORETICAL MODEL

In our simulation we numerically solve the 2D single-
active-electron (SAE) time-dependent Schrödinger equation
[49] [atomic units (a.u.) are used throughout this work unless
otherwise stated]:

i
∂

∂t
|�(t )〉 = H (t )|�(t )〉. (1)

The Hamiltonian reads

H (t ) = − 1
2∇2 + V (�r, t ) + �r · �E(t ), (2)

where �E(t ) is the driving field. And the target atom is modeled
by a 2D effective potential V (�r ) = −Z(�r )/

√�r2 + α, where
Z(�r ) = 1 + 9 exp(−�r2) and α = 2.88172 to obtain the ioniza-
tion potential of Ne Ip = 0.793 a.u. for the 2p orbitals [41,45].
The stationary normalized orbitals of the two degenerate
states 2px,y , denoted by |φ2px

〉 and |φ2py
〉, are obtained by

solving TDSE with imaginary time propagation. The CCO 2p±
states for magnetic quantum numbers m = ±1, denoted by
|φ2p±〉, are calculated as |φ2p±〉 = (|φ2px

〉 ± i|φ2py
〉)/

√
2 [41].

In the real-time propagation, the TD wave function �(�r, t ) is
obtained by solving the TDSE using the split-operator tech-
nique [50], and the TD dipole acceleration can be calculated
according to Ehrenfest theorem �a(t ) = −〈�(�r, t )| �∇V (�r ) −
�E(t )|�(�r, t )〉. Correspondingly, the x, y components of the
harmonic radiation in the frequency domain are Ẽh

x,y (�) =∫
ax,y (t )e−i�t dt , in which � is the photon energy of the

harmonics. The radiation can also be divided into the left and
right rotating components (Ẽh

− and Ẽh
+), which are obtained

as Ẽh
± = (Ẽh

x ± iẼh
y )/

√
2. In the following discussions we

take the initial state of CCO 2p+ as an example. The CCO
can be obtained with CP pulses propagating along the z axis
[46,51,52].

III. RESULTS AND DISCUSSIONS

A. Ultrafast oscillation of orbital angular momentum
in a linearly polarized laser field

The schematic of the strategy is illustrated in Fig. 1, where
the 2p+ orbital is driven by an intense laser field propagating
along the z axis. And the linear polarization direction of the
driving field is defined as the x direction. The wavelength of the

FIG. 1. Schematic of the strategy. The initial orbital is 2p+ as
an example. Contour plots show the snapshots of the EPD from 0 to
15T0. The electron rotating direction of the orbital is indicated by the
white arrows.H denotes the helicity of radiation. Red and blue circles
indicate the radiations with H = +1 and H = −1, respectively. The
green arrows indicate the linearly polarized radiation with H = 0.
The wavelength of the driving laser is 1600 nm and the intensity is
2×1014 W/cm2.

driving laser is 1600 nm and the intensity is 2×1014 W/cm2.
The pulse duration is 24T0 with a trapezoidal envelope (2T0

rising and falling edges and 20T0 plateau), in which T0 is
the optical cycle of the driving field. The contour plots show
snapshots of the electron probability density (EPD) of the wave
functions at different times from t = 0 to t = 15T0 during
the TDSE propagation. The white arrows in the snapshots
represent the electron rotating directions, which are determined
from the phase of the wave function. Since the initial state
is 2p+, the EPD at t = 0 exhibits a toroidal distribution and
the electron rotates anticlockwise [39,45]. With the evolution
in the intense driving field, an intriguing phenomenon arises.
The EPD varies prominently and periodically. In one period,
the orbital gradually evolves from 2p+ approximately to the
dumbbell shaped orbital aligned at 45◦ (denoted as 2p+45),
then to the 2p− state, and finally to the 2p−45. The first period
is about 12.2T0 = 65.1 fs, which is a little longer than the
following periods (about 11T0 = 58.7 fs). This is because the
electric field is weaker at the rising edge of the pulse, as will
be discussed later.

The evolution of the TD wave function originates from the
laser-dressed dynamics of orbitals and can be qualitatively
interpreted by the following formulas under the adiabatic
approximation. The TD wave function can be written as a
superposition of instantaneous eigenstates of H (t ) as

|�(t )〉 =
∑

λ

cλ(t )|ϕλ(t )〉eiθλ(t ), (3)

where cλ(t ) are TD coefficients, θλ(t ) = − ∫ t

0 ε
′
λ(τ )dτ . |ϕλ(t )〉

are the instantaneous eigenstates satisfying H (t )|ϕ(t )〉 =
ε

′
λ(t )|ϕ(t )〉. ε

′
λ(t ) is the TD instantaneous eigenenergy. Sub-

stituting Eq. (3) into Eq. (1), one gets cλ(t ) = eiγλ(t )cλ(0),
i.e., |�(t )〉 = ∑

λ cλ(0)|ϕλ(t )〉eiθλ(t )+iγλ(t ), where γλ(t ) =
i
∫ t

0 〈ϕλ(τ )|ϕ̇λ(τ )〉dτ is real [53]. According to the initial
condition |�(t = 0)〉 = (|φ2px

〉 + i|φ2py
〉)/

√
2, one can get

|�(t )〉 = c1(0)eiθ1(t )+iγ1(t )|ϕ1(t )〉 + c2(0)eiθ2(t )+iγ2(t )|ϕ2(t )〉

= 1√
2
eiθ1(t )+iγ1(t )|ϕ1(t )〉 + i√

2
eiθ2(t )+iγ2(t )|ϕ2(t )〉,

(4)
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FIG. 2. (a) The populations on the 2p+ (solid green curve) and
2p− (dashed red curve) states as a function of time. The first
modulation period is 12.2T0 = 65.1 fs and the following ones are
11T0 = 58.7 fs. (b) The expectation value of angular momentum 〈Lz〉
as a function of time. The laser parameters are the same as those
in Fig. 1.

where |ϕ1(t = 0)〉 = |φ2px
〉 and |ϕ2(t = 0)〉 = |φ2py

〉. In the
laser field, |ϕ1,2(t )〉 are always very close to |φ2px,y

〉 (the
features of |ϕ1〉 and |ϕ2〉 are discussed in detail in Appendix A).
Note that, although a simple form with only two terms is
obtained in Eq. (4), no approximation is used to neglect the
excited eigenstates. Namely, in the field-free eigenstate basis,
all the states, including the 2p+, 2p− and other excited states,

are taken into account in the evolution of |�(t )〉 in Eq. (4).
Equation (4) provides a simple interpretation for the evolution
of the time-dependent wave function: the dynamical evolution
can be understood by the coherent superposition of |ϕ1(t )〉 and
|ϕ2(t ) with different time-dependent phases. As the relative
phase changes with time, the superposed wave function |�(t )〉
varies periodically as indicated in Fig. 1.

To have a deeper insight into the phenomenon and the
oscillation period of the EPD, we also project the TD wave
function �(�r, t ) shown in Fig. 1 onto the field-free eigenstates
|φμ〉 and obtain the populations on the eigenstates |φμ〉 as
|bμ(t )e−iεμ(t )|2 = |〈φμ|�(t )〉|2, which satisfies

∑
μ |bμ(t )|2 =

1. εμ is the eigenenergy of the field-free state |φμ〉. The
populations on the 2p± states |b2p± (t )|2 are shown in Fig. 2(a).
One can see that |b2p± (t )|2 are periodically oscillated, re-
sembling cosine-like functions with opposite phases. The
oscillation period is the same as that in Fig. 1. Herein, since∑

μ 	=2p± |bμ|2 
 |b2p+|2 + |b2p−|2 ≈ 1, i.e., the populations
on the other states are negligible compared to those on 2p+
and 2p− states, we will focus on |b2p± (t )|2 when discussing
the EPD and angular momentum of the TD wave function.

According to Eq. (4), one can obtain the analytical expres-
sion of the populations |b2p± (t )|2. Since the applied linear
laser field is too weak to essentially distort the wave functions
ϕ1(t ) and ϕ2(t ) (see Appendix A), one can approximate
〈ϕ1(t )|φ2py

〉 ≈ 0 and 〈ϕ2(t )|φ2px
〉 ≈ 0. Then, by calculating

the inner product 〈φ2p±|�(t )〉 in Eq. (4), one can obtain the
populations of 2p± orbitals as

∣∣b2p± (t )
∣∣2 =

∣∣∣∣ 1√
2

〈
φ2px

± iφ2py

∣∣∣∣ 1√
2
eiθ1(t )+iγ1(t )ϕ1(t ) + i√

2
eiθ2(t )+iγ2(t )ϕ2(t )

〉
eiε2p+ t

∣∣∣∣
2

= 1

2

∣∣b2px
(t )

∣∣2 + 1

2

∣∣b2py
(t )

∣∣2 ± ∣∣b2px
(t )

∣∣∣∣b2py
(t )

∣∣ cos[ξ (t )t + κ (t )], (5)

where |b2px
(t )| = 1√

2
|〈φ2px

|ϕ1(t )〉|, |b2py
(t )| = 1√

2
|〈φ2py

|ϕ2(t )〉|, ξ (t ) = 1
t

∫ t

0 [�ε′
2(τ ) − �ε′

1(τ )]dτ , κ (t ) = γ2(t ) − γ1(t ),
�ε′

1,2(t ) = ε′
1,2(t ) − ε′

1,2(0) = ε′
1,2(t ) − ε2px,y

, and ε2px,y,+ are the eigenenergies of 2px,y,+ orbitals. Note that we neglected the
small quantities with |bμ 	=2p±| when deriving Eq. (5). This approximation is used only when we are discussing observables like
the EPD and the angular momentum. However, this does not mean the evolution of |�(t )〉 involves only the field-free 2p±
states. All the excited states are also included in the instantaneous eigenstates and in |�(t )〉. Considering 1

2 (|b2px
|2 + |b2py

|2) =
1
2 (|b2p+|2 + |b2p−|2) ≈ 1, the summation of the first two terms in Eq. (5) is almost constant. The last term in Eq. (5) exhibits a
cosine-like oscillation. The frequency of the oscillation is determined by the average of ξ (t ), and the fluctuation of ξ (t ) leads to
the tiny modulation in the |b2p± (t )|2 curves. One can see that the oscillation of |b2p± (t )|2 in Fig. 2 is well interpreted by Eq. (5).
The oscillation can be also understood by the STIRAP-like process via field-free excited states [54].

Furthermore, based on the relationships φ2p± = φ2px√
2

± i
φ2py√

2
and φ2p± = |φ2p|e±iη, one can get φ2px√

2
= |φ2p| cos(η) and

φ2py√
2

=
|φ2p| sin(η), where η is the angle. Considering that the EPD can be expanded with the field-free eigenstates as |�(�r, t )|2 =
| ∑μ bμ(t )φμ(�r )|2 and neglecting the small terms with |bμ 	=2p±| in the expansion, one can gets

|�(�r, t )|2 = |b2p+ (t )|2|φ2p|2 + |b2p− (t )|2|φ2p|2 + 2|b2p+ (t )||b2p− (t )||φ2p|2{cos[2η + ��(t )]}

= [|b2p+ (t )| − |b2p− (t )|]2|φ2p|2 + 4|b2p+ (t )||b2p− (t )|
[
|φ2p| cos

(
η + ��(t )

2

)]2

= [|b2p+ (t )| − |b2p− (t )|]2|φ2p|2 + 2|b2p+ (t )||b2p− (t )|
[
φ2px

cos

(
��(t )

2

)
− φ2py

sin

(
��(t )

2

)]2

, (6)

where ��(t ) = arg[b2p+ (t )/b2p− (t )]. In Eq. (6), the first term
exhibits isotropic distribution. The second term exhibits a

dumbbell shaped distribution, which is aligned at the angle
of −��(t )/2 relative to the x axis. Both the TDSE simulation
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and our model indicate that ��(t ) is (approximately) either
−π/2 or π/2 (see Appendix B). Therefore, the EPD exhibits
the 2p±45-like distributions when |b2p+| = |b2p−|, and exhibits
the isotropic 2p±-like distribution when |b2p+ (t )|2 or |b2p− (t )|2
reaches 0.

With the periodical evolution of the TD wave function,
the z component of the orbital angular momentum Lz oscil-
lates periodically. In Fig. 2(b) we calculate the expectation
value of Lz by 〈L̂z〉 = 〈�(t )| 1

i
(x ∂

∂y
− y ∂

∂x
)|�(t )〉. One can

see that 〈L̂z〉 oscillates between +1 and −1 resembling a
cosine-like function, which varies in phase with |b2p+ (t )|2
and in antiphase with |b2p− (t )|2 in Fig. 2(a). This correspon-
dence between |b2p± (t )|2 and 〈L̂z〉 can be intuitively under-
stood: 〈L̂z〉 = 〈∑μ bμ(t )φμ| 1

i
(x ∂

∂y
− y ∂

∂x
)| ∑μ bμ(t )φμ〉 =∑

μ |bμ(t )|2Lz,μ, where Lz,μ = 〈φμ| 1
i
(x ∂

∂y
− y ∂

∂x
)|φμ〉. Con-

sidering the z components of angular momentum of the
2p± states are Lz,2p± = ±1 and 〈L̂z〉 ≈ |b2p+|2Lz,2p+ +
|b2p−|2Lz,2p− after neglecting the small terms with |bμ 	=2p± |,
one can get 〈L̂z〉 = |b2p+|2 − |b2p−|2. Note that, although
all the above discussions are based on the condition that∑

μ 	=2p± |bμ|2 
 |b2p+|2 + |b2p−|2, similar phenomenon of the
evolution exists when stronger laser field is applied and the
evolution can also be approximately interpreted with the same
method.

Our proposed scheme is based on the phenomenon ac-
companied by the fast oscillation of the angular momentum.
Recent works have shown that the angular momentum Lz of
the electronic state can be imprinted on the polarization of
the high harmonic radiation [39,41,55]. Specifically, orbitals
with positive Lz (m > 0) will predominately generate high
harmonics with positive helicity and those with negative Lz

(m < 0) are more likely to generate high harmonics with
negative helicity [41,55]. In our case, if the TD orbital is
dominantly contributed by 2p+, the radiation is predominately
EP with positive helicity. If the TD orbital is dominantly
contributed by 2p−, the radiation is more likely to be EP with
negative helicity. Therefore, as illustrated by the arrows and
circles in the last line of Fig. 1, the generated emissions from the
initial CCO 2p+ driven by the linearly polarized laser field will
be modulated correspondingly between left and right elliptical
polarization.

B. High harmonic radiation from the time-varying orbitals
with angular momentum oscillation

Figure 3 shows the high harmonic spectra in frequency
domain generated by the TD wave function in Fig. 1. The solid
blue curve displays the harmonic spectrum for the left rotating
component and the dashed red curve represents the harmonic
spectrum for the right rotating component. For clarity, the
harmonic spectra in the range of [100, 110] orders are plotted in
the inset. It is shown that the left and right rotating components
are close to each other, i.e., the ellipticity of the total high
harmonics in the harmonic spectrum is close to zero. This is
because the high harmonic spectrum shows the time-integrated
features of the harmonic emission in the frequency domain.
Since we focus on the helicity oscillation in temporal domain
in this work, time-resolved analysis characterizations for the
harmonic emission are needed.

FIG. 3. The high harmonic spectra from the 2p+ orbital. The
laser parameters are the same as those in Fig. 1. The inset shows
the harmonic spectra in the range of [100, 110] orders. The dashed
red and solid blue curves represent the harmonic spectra for the right
and left rotating components, respectively.

To demonstrate our strategy, we present the ellipticity dis-
tribution ε(�, t ) of the obtained harmonic radiation in Fig. 4.
ε(�, t ) can be obtained by ε(�, t ) = |GT+(�,t )|−|GT−(�,t )|

|GT+(�,t )|+|GT−(�,t )| ,
where GT±(�, t ) are calculated by Gabor transform of Ẽh

±(�)
[56]. For clarity, the signals with intensity eight order of
magnitude weaker than that in the plateau are filtered out in the
distribution. As shown in Fig. 4, the ellipticity varies between
positive and negative values periodically, i.e., the radiation
varies between left and right elliptical polarization periodically.
In Fig. 4(b) the laser parameters are the same as those in Fig. 1
and the period of the ellipticity modulation is also 58.7 fs in
the plateau region of the driving laser. The high harmonics
are generated via the common three-step mechanism [26].
However, in contrast to the HHG process studied in previous
works, the state, where the continuum electrons tunnel from
and recombine to, changes substantially over time in this work,
which leads to the ultrafast temporal modulation of the emitted
light. According to Eq. (5), the modulation period is dependent
on ξ (t ) and therefore can be continuously tuned by the laser
intensity. With the increase of the intensity, ξ (t ) increases and
the modulation period decreases correspondingly. In Figs. 4(a)
and 4(c) we present the harmonic ellipticity distributions
with different laser intensities 1×1014 and 3×1014 W/cm2,
respectively. The other laser parameters are the same as those

FIG. 4. Ellipticity distribution of the harmonic radiation versus
photon energy and time for three different laser intensities: (a)
1×1014 W/cm2, (b) 2×1014 W/cm2, and (c) 3×1014 W/cm2. The
other laser parameters are the same as those in Fig. 1. The double
arrow lines indicate the half-period (a) and period (b) and (c) of the
helicity modulation.
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FIG. 5. Elliptically polarized electric field with helicity modulation obtained by synthesizing 62 to 85 eV high harmonics. (a) The temporal
profile of the attosecond pulses is presented by the 3D blue curve. The orange curve on the time-ε plane shows the ellipticity of the radiation.
(b)–(f) The projections of the pulses at P1 to P5 labeled in (a) on the Eh

x -Eh
y plane. The laser parameters are the same as those in Fig. 1.

in Fig. 1. One can also see the helicity modulation, while the
period is prominently changed. As shown in Fig. 4(a), the
period is about 22T0, i.e., 118 fs. In Fig. 4(c) the period is
about 7.2T0, i.e., 38 fs. With various intensities, the modulation
period can be adjusted in a wide range in the femtosecond level.
The relation between the modulation period and the intensity
also explains the above-mentioned fact that the first period is
longer than the ones in the plateau region of the driving laser.
Regarding the photon energy of the harmonics, one can see that
the maxima of the photon energy reach 120, 200, and 270 eV
in Figs. 4(a)–4(c), respectively, indicating that the bursts can
cover the XUV and soft x-ray regions. Figure 4 shows that, with
our scheme, the generation of helicity-modulated coherent
XUV and soft x-ray radiations with continuously tunable
sub-PHz modulation frequency can be achieved. Our result
is different from the intuitive consideration that the emission
should have the same helicity as that of the initial orbital,
because in this work the dynamics of the laser-dressed orbitals
play a significant role [16,57–59].

Finally, we present results of the emission in the temporal
domain between 6T0 and 15T0 (covering one half modulation
period) in Fig. 5(a). The electric field of the radiation in
the temporal domain is obtained by synthesizing the high
harmonics in the spectrum range of [�1,�2] as Eh

x,y,±(t ) =∫ �2

�1
Ẽh

x,y,±(�)ei�t d�. Here the range is [62 eV, 85 eV]. The
laser parameters are the same as those in Fig. 1. The corre-

sponding ellipticity in temporal domain is ε(t ) = |Eh
+(t )|−|Eh

−(t )|
|Eh+(t )|+|Eh−(t )| ,

which is also presented in the time-ε plane. For clarity,
projections of the five pulses on the Eh

x -Eh
y plane near 7.5T0,

9T0, 10.5T0, 11.5T0, and 13T0 labeled by P1 to P5 are plotted
in Figs. 5(b)–5(f), respectively. From Fig. 5 one can clearly see
the evolution of the radiation, from left elliptical polarization
to linear polarization and right elliptical polarization. We also
present the results from the 1s orbital in Appendix C and

make a comparison with the results from the 2p+ orbital to
demonstrate how large the predicted effect is. The comparison
further indicates that the angular monument of the target orbital
plays a significant role in the polarization state of the harmonic
emission. Such an ultrafast helicity-modulated light source
can be experimentally observed by a so-far developed 3D
attosecond metrology [60]. This temporal profile is like a
polarization gating in the XUV and femtosecond regions. The
ellipticity reaches up to 0.5. In the result, the contributions of
both short and long trajectories are found. In experiments, one
can filter out the short or long trajectory with the propagation
effect [61], and attosecond pulse train with sub-PHz helicity
modulation can be obtained. In Fig. 5 the duration of the pulses
is about 160 as. To further confirm the physical effect, we have
also carried out the 3D calculations. One can see that the same
phenomenon and results are obtained (see Appendix D).

IV. CONCLUSION

In conclusion, we discovered and studied a so-far unde-
scribed dynamical process that, when the CCO is exposed to
a linearly polarized laser field, the state evolves periodically
between CCO with opposite angular momenta. Based on HHG
from this time-varying wave function, we demonstrated a
strategy to generate coherent XUV and soft x-ray radiations
with ultrafast helicity modulation in temporal domain. The
frequency of the modulation is continuously tunable in a
wide range in the sub-PHz level. This light source provides
an elegant and efficient route for probing and manipulating
the ultrafast magnetic and chiral dynamics, like the onset of
magnetization and demagnetization [62], ultrafast control of
information in magnetic recording media [63], opto-magnetic
switching [64], etc. We expect the light source can be used
in other regions, such as the high-speed data processing and
storage and petahertz electronics in solids.
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FIG. 6. The instantaneous wave functions (a) ϕm
1 (�r ) and (b)

ϕm
2 (�r ). The log plots of (c) log10[|ϕm

1 (�r )|2] and (d) log10[|ϕm
2 (�r )|2].
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APPENDIX A: EVALUATION OF THE INSTANTANEOUS
EIGENSTATES AND |b2 p±|2 UNDER THE ADIABATIC

APPROXIMATION

The instantaneous eigenstates |ϕλ(t )〉 can be evaluated
under the adiabatic approximation by diagonalizing the
time-dependent Hamiltonian H (t ) = H0 − xEx (t ) with cor-
responding Ex (t ).

Figures 6(a) and 6(b) show the obtained instantaneous
wave functions ϕ1(�r, t ) and ϕ2(�r, t ) when the electric field
Ex (t ) reaches its maximum 0.0755 a.u. [denoted as ϕm

1 (�r )
and ϕm

2 (�r )]. Figures 6(c) and 6(d) present the log plots of the
squared modulus of ϕm

1,2(�r ). It is shown that, although |ϕm
1 〉 and

|ϕm
2 〉 are dressed by the laser field, they are still very close to

the field-free states |φ2px
〉 and |φ2py

〉, respectively. The nodal
plane of |ϕm

2 〉 is still along the x axis, while the nodal plane of
|ϕm

1 〉 is only slightly bent.
By numerically calculating the projections of the instanta-

neous eigenstates |ϕm
1,2〉 onto the field-free states |φ2px,y

〉, one
can get 〈

ϕm
1

∣∣φ2px

〉 = 0.993653,〈
ϕm

2

∣∣φ2px

〉 = 0.001183,〈
ϕm

1

∣∣φ2py

〉 = −0.001189,〈
ϕm

2

∣∣φ2py

〉 = 0.998799. (A1)

These calculated projections further indicate that, as the laser
field used in this work is too weak to substantially distort the

FIG. 7. The thin (light gray) curves show the populations
|b2p± (t )|2 obtained based on Eq. (5) under the adiabatic approximation
(labeled as “AD”). The results from the TDSE calculation (shown in
Fig. 2) are also plotted by the thick (dark gray) curves (labeled as
“TDSE”) for comparison.

wave functions ϕ1(t ) and ϕ2(t ), the instantaneous eigenstates
|ϕ1(t )〉 and |ϕ2(t )〉 are still very close to the field-free states
|φ2px

〉 and |φ2py
〉, respectively.

From the diagonalization of H (t ) = H0 − xEx (t ), the in-
stantaneous eigenenergy ε′

λ(t ) and consequently �ε′
1,2 can

also be evaluated. The dashed curves in Fig. 7 present the
calculated |b2p± (t )|2 by substituting the results obtained from
the diagonalization into Eq. (5). Meanwhile, the values of
|b2p± (t )|2 obtained from the TDSE simulation [i.e., the two
curves shown in Fig. 2(a)] are also plotted by the solid curves
in Fig. 7.

Comparing the dashed curves to the solid curves, one
can see that the cosine-like oscillation of populations on the
field-free 2p± states is well reproduced. In the results from
Eq. (5), the first period is 12.5T0 and the following periods are
11.4T0, which are very close to the periods obtained from the
TDSE simulation. The agreement between the results from the
adiabatic approximation and those from the TDSE simulation
indicates that our model well explains the evolution of the
time-dependent wave function and the adiabatic approximation
is valid in qualitatively analyzing this phenomenon. According
to our numerical results under the adiabatic approximation,
κ ≈ 0 in Eq. (5). Therefore, the frequency of the oscillation is
determined by the average of ξ , and the fluctuation of ξ (t ) also
leads to the tiny modulation in the |b2p± (t )|2 curves.

From the results shown in Fig. 7, the periodic oscillation
of the two populations |b2p+ (t )|2 and |b2p− (t )|2 looks very
much like Rabi oscillations. This is because the populations
on the 2p+ and 2p− states are dominating, i.e., |b2p+ (t )|2 +
|b2p− (t )|2 � ∑

μ 	=2p± |bμ(t )|2. According to out discussions
in this paper, the underlying mechanism actually differs from
the Rabi oscillations between two field-free 2p± states.

APPENDIX B: THE PHASE DIFFERENCE
BETWEEN b2 p+ (t ) AND b2 p− (t )

Based on our model, the time-dependent evolution of the
EPD can be described with Eq. (6), where the phase difference
��(t ) between b2p+ (t ) and b2p− (t ) plays a significant role. In
the TDSE simulation, it is shown that ��(t ) is approximately
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FIG. 8. (a) Analysis for Eq. (B4) based on the rotation vector
method. (b) The relative phase between b2p+ (t ) and b2p− (t ) obtained
based on Eq. (B1) under the adiabatic approximation.

either −π/2 or π/2. This can be intuitively understood based
on the following equations with the help of the rotation vector
method. By calculating the inner product 〈φ±|�(t )〉 in Eq. (4),
one can obtain

b2p± (t ) = 1√
2

〈
φ2px

± iφ2py

∣∣∣∣ 1√
2
eiθ1(t )+iγ1(t )ϕ1(t )

+ i√
2
eiθ2(t )+iγ2(t )ϕ2(t )

〉
eiε2p+ t . (B1)

Since the applied laser field is too weak to essentially distort
the wave functions ϕ1(t ) and ϕ2(t ) [as shown by the numerical
calculations Eq. (A1)], one can approximate 〈ϕ2(t )|φ2px

〉 ≈ 0,
〈ϕ1(t )|φ2py

〉 ≈ 0.
Then Eq. (B1) is simplified to

b2p± (t ) = 1
2

〈
φ2px

∣∣ϕ1(t )
〉
e−i

∫ t

0 �ε′
1(τ )dτ+iγ1(t )

± 1
2

〈
φ2py

∣∣ϕ2(t )
〉
e−i

∫ t

0 �ε′
2(τ )dτ+iγ2(t ), (B2)

with �ε′
1,2(t ) = ε′

1,2(t ) − ε′
1,2(0) = ε′

1,2(t ) − ε2px,y
.

For simplicity we define

α ≡ −
∫ t

0
�ε

′
1(τ )dτ + γ1(t ),

β ≡ −
∫ t

0
�ε

′
2(τ )dτ + γ2(t ), (B3)

and assume that 〈ϕ2px
|φ1(t )〉 = 1 and 〈ϕ2py

|φ2(t )〉 = 1. In this
case, Eq. (B2) is simplified to

b2p+ (t ) = 1
2eiα + 1

2eiβ,

b2p− (t ) = 1
2eiα − 1

2eiβ . (B4)

In Fig. 8(a) the vectors
−→
OA,

−→
AB, and

−→
AC represent

1
2eiα, 1

2eiβ , and − 1
2eiβ , respectively. Therefore, b2p+ (t ) corre-

sponds to
−→
OB = −→

OA + −→
AB and b2p− (t ) corresponds to

−→
OC =−→

OA + −→
AC. In the triangle, since |OA| = |AB| = |AC|, −→

OB

is always perpendicular to
−→
OC according to Thales’s theorem.

That is, ��(t ) = arg (b2p+ ) − arg (b2p− ) = ±π/2.The exact
value of ��(t ) can be calculated by substituting the results
from the diagonalization as discussed in Appendix A into
Eq. (B2). The obtained ��(t ) is shown in Fig. 8(b) and
is consistent with the EPD evolution in Fig. 1: the EPD is
distributed along the 45◦ direction when −��(t )/2 = π/4
while the EPD is distributed along the −45◦ direction when
−��(t )/2 = −π/4.

FIG. 9. (a) The high harmonic spectra from the 1s orbital. The
inset shows the harmonic spectra in the range of [100, 110] orders.
The dashed red and solid blue curves represent the harmonic spectra
for the right and left rotating components, respectively. (b) The electric
field of the high harmonic radiation in the temporal domain. The
ellipticity ε of the radiation is also presented by the blue line on the
time-ε plane.

APPENDIX C: COMPARISON WITH THE RESULTS
FROM THE 1s STATE

To demonstrate how large the predicted effect is, we make a
comparison between the results from the 1s state and the 2p+
state. The HHG spectra from the 1s state are shown in Fig. 9(a),
where the same laser pulse as in Fig. 1 is used. Comparing
to the results from the 2p+ state shown in Fig. 3, a similar
feature in the frequency domain is found: spectra for the left
and right rotating components from the 1s state are nearly the
same. Moreover, the time-dependent electric field of the high
harmonic emission from the 1s state is shown in Fig. 9(b). One
can see that the emission in the temporal domain is always
linearly polarized along the x axis, which is far different from
the results from the 2p+ state as shown in Fig. 5. This is because
the 1s state has zero angular momentum and the angular
momentum of the time-dependent wave function is always 0
during the evolution in response to the linearly polarized laser
field. The comparison between the results from the 1s and 2p+
states further indicates that the angular monument of the target
orbital plays a significant role in the polarization state of the
harmonic emission.

APPENDIX D: THE 3D CALCULATIONS

Most results in this work are based on the 2D calculation.
Here we also carried out a 3D calculation. The atom is modeled

FIG. 10. The snapshots of the EPD of the time-dependent wave
function in the 3D calculation at t = 0, 2.1T0, 5.1T0, 7.9T0, 9T0,
10.04T0, 12.7T0, and 16T0, respectively
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FIG. 11. (a) The populations on the 2p± states in the 3D calcu-
lation. (b) Ellipticity distribution of the harmonic radiation versus
photon energy and time from the 3D calculation.

by a 3D potential V (�r ) = −[1 + 9 exp(−�r2)]/
√�r2 + α, in

which the soft-core parameter α = 1.08 is used to obtain the
correct ionization energy of the valence 2p orbital of Ne. The
intensity of the driving laser is the same as that in Fig. 1. The
laser wavelength is 1300 nm and the full-width of the laser
pulse is 16T0 (2T0 rising and falling edges and 12T0 plateau)
to reduce the computation time. Figure 10 shows the snapshots
of the EPD at t = 0, 2.1T0, 5.1T0, 7.9T0, 9T0, 10.04T0, 12.7T0,
and 16T0, respectively. It is shown that the EPD changes
prominently and the 3D time-dependent wave function �(�r, t )
varies periodically between the current-carrying orbitals with
opposite angular momentum Lz (approximately between the
2p± orbitals). Then we calculate the populations on the 2p±
orbitals as in Fig. 2. The result is shown in Fig. 11(a). One
can also see that the populations |b2p±|2 oscillate periodically
resembling cosine-like functions with opposite phases. These
results indicate that the same evolution of the time-dependent
wave function in a linearly polarized laser field occurs in the

FIG. 12. (a) The electric field of the high harmonic radiation in
the temporal domain from the 3D calculation. (b) The corresponding
time-dependent ellipticity ε of the radiation.

3D case. Figure 11(b) shows the ellipticity distribution of
the generated high harmonic emission. One can see that the
ellipticity oscillates periodically between positive and negative
values over time. By synthesizing the high harmonics in
the spectrum range of [76 eV, 105 eV], the electric field of
the radiation in the temporal domain is obtained. The 3D
plot of the obtained electric field is presented in Fig. 12(a).
Besides, the corresponding ellipticity versus time is also shown
in Fig. 12(b). One can see that the same high harmonic
radiation with the ultrafast subpetahertz helicity modulation is
obtained.
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