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Approximate semianalyticalsolutionsof the integral equationfor the relativistic optimized potential are
constructedby extendinga methodrecently proposedby Krieger, Li, and lafrate [Phys. Lett. A 146, 256
(1990] to the relativistic regime. The quality of the approximationis testedin the longitudinal x-only limit
wherefully numericalsolutionsof the relativistic optimizedeffective potentialintegral equationare available
for sphericalatoms.The resultsobtainedturn out to be in excellentagreementvith the exactx-only values.
The proposedmethod providessignificantimprovementover the conventionalrelativistic local density ap-
proximationand generalizedjradientapproximationschemes[S1050-294{®7)04912-3
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I. INTRODUCTION

Sincethe seminalwork of Hohenbergand Kohn [1] and
Kohn and Sham[2], density functional theory (DFT) has
becomea powerful tool for ab initio electronicstructurecal-
culationsof atoms,moleculesandsolids[3-5]. The devel-
opment of more and more refined approximationsof the
exchange-correlatiofixc) energyfunctional E,. hasled to
significantimprovementover the standardocal density ap-
proximation (LDA). In particular, the so-called optimized
potentialmethod (OPM) [6,7] employing explicitly orbital-
dependentfunctionals rather than the traditional density-
dependenfunctionals has achievedhighly accurateresults
[7-20].

Most of the advancesn DFT havebeenmadein the con-
text of nonrelativisticphysics.For high-Z atoms,however,
relativistic contributionshaveto be consideredFor example,
the ground-stateenergyof mercury(Hg) decreasefrom its
nonrelativisticvalue —18408a.u.to —19649a.u.if relativ-
istic effects are takeninto account.Furthermore,even for
systemswith moderateZ, relativistic contributionsto E, are
largerthanthe differencesbetweenthe currently bestxc en-
ergyfunctionals[21]. Until now, the calculationof suchrela-
tivistic contributionshasmostly beenbasedon the relativis-
tic local density approximation(RLDA). To go beyondthe
RLDA, an x-only versionof the OPM was formulatedfor
relativisticsystemg22,21]. Asin thenonrelativisticcasethe
solutionof the resultingequationds a ratherdemandingask
and hasbeenachievedso far only for systemsof high sym-
metry, e.g.,sphericalatoms[21,23-25].

The purposeof the presentpaperis to developa simpli-
fied versionof therelativistic OPM (ROPM) schemdeading
to a generalizatiorof the approximationof Krieger, Li, and
lafrate (KLI) [8—10,26-36] to the realm of relativistic sys-
tems.Thiswill be donefor systemssubjectto arbitrarystatic
externalfour-potentials.The paperis organizedas follows.
In Sec.ll we give a brief review of the foundationsof rela-
tivistic DFT (RDFT). After that,in Sec.lll, we developthe
ROPM generalizinga nonrelativistic derivation of Gorling
andLevy [37] to therelativisticdomain.The relativistic KLI
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(RKLI) schemds developedn Sec.lV beforesomelimiting

casesarediscussedn Sec.V. In Sec.VI, numericalresults
of the ROPM and RKLI methodsare presentedand com-
paredto otherRDFT methods.

Il. THEORETICAL BACKGROUND

On its most generallevel, RDFT is basedon quantum
electrodynamic$QED) andthuscontainsnot only relativis-
tic but also radiative effects. For a detailedderivation, also
including questionof renormalizationthe readeris referred
to recentreviews[23,38. The centralstatemenbf RDFT —
therelativisticversionof the Hohenberg-KohrfHK) theorem
[39] — canbesstatedn thefollowing way: Therenormalized
ground-statefour-currentj”(r) of an interactingsystemof
Dirac particlesuniquelydeterminesup to gaugetransforma-
tions, the external four-potential AL, [j”] as well as the
ground-statewave function W[j”]. As a consequenceany
observableof the relativistic many-bodysystemundercon-
siderationis a functional of its ground-statdour-current.As
in the nonrelativisticcase the exactground-statdour-current
including all quantumelectrodynamicakffectscanin prin-
ciple be obtainedfrom an auxiliary noninteractingsystem—
the relativistic Kohn-Sham(RKS) system[21,38,40,41

=X

—C<gxsep

QN Y @r) +i(r), (1)

where jy(r) denotesthe vacuum contributionto the four-
current. The four-componenspinorse,(r) are solutionsof
an effective single-particleDirac equation(in atomic units
h=e=m=1)

vol—icy V4 e+, AL 1D 1o =eei(r), (2)

with AZ[j”](r) beingthe effectivefour-potential which can
be decomposedccordingto

e
A’s‘[j”](r)=A§x¢(r)+fd3f’ﬁ+A§&[j”](r)- 3)
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Here, AL (r) isastaticbut otherwisearbitraryexternalfour-
potential,the seconderm on the right-handsiderepresenta
Hartree-likepotential,andthe last term, definedby

SEdj”
Af(‘c[j”](r):ztsj—EJr)] (4)

denotesthe xc four-potentialcontainingby constructionall
nontrivial many-bodyeffects.

Equations(1)—(4) representthe relativistic KS scheme
thathasto be solvedself-consistentlyHowever,the calcula-
tion of the vacuum contribution jy(r) to the four-current
requiresthe knowledgeof aninfinite numberof (positiveand
negativeenergy statesso thatonewould haveto dealwith
aninfinite systemof coupledequationsSincesucha proce-
dureis highly impractical,we will, in the following, ignore
all vacuumcontributionsto the various energycomponents
andto the four-current,which is thengiven just by the first
term on the right-handside of Eq. (1). This meansthat we
restrictourselvedo the calculationof relativistic effectsand
neglectradiative corrections.Since we are aiming at elec-
tronic structurecalculationdor atoms,moleculesandsolids,
we expectthe neglectedermsto be small. If onewereafter
all interestedin the radiative contributions,an a posteriori
perturbativetreatmentshouldbe sufficientand representsn
fact the standardapproach.

[1l. RELATIVISTIC OPTIMIZED POTENTIAL METHOD

In orderto derivearelativistic generalizatiorof the OPM
integral equation,we start out from the total-energyfunc-
tional of a systemof interactingDirac particles(neglecting
vacuum contributiong subject to a static external four-
potential AL (r):

EGTI= X fd3r?k<r><—icy-V+c2><pk<r>

—c?<g=eg
+ [ i

1 Ju(n)ir(r’)
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+2fd rfd r P +EROPM {1
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In contrastto the ordinary RDFT approachthe xc energy
functionalis given hereasan explicit functional of the RKS
four-spinors{¢;}. Still, ERPPM{ ;1] represents functional
of the density:Via the HK theoremappliedto noninteracting
systems,j”(r) uniquely determinesthe effective potential
AL[j”]. With this very potential, the Dirac equation(2) is
solvedto obtain the set of single-particleorbitals {¢;[j "]}
which are then used to calculate the quantity
EROPM{¢i[j "1} ]. Thereforeeveryfunctional,dependingex-
plicitly on RKS spinors,is animplicit functional of the den-
sity, providedthe orbitals comefrom a local potential. This
allows us to use the exact expressionfor the longitudinal

exchangeenergy,i.e., the relativistic Fock term
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One major advantageof suchan exacttreatmentof the ex-
change energy lies in the fact that the spurious self-
interactionscontainedin the Hartreeenergyare fully can-
celed.The price to be paidfor the orbital dependencef E,
is thatthe calculationof the xc four-potentialAZ (r), defined
by Eq. (4), is somewhatmore complicated It hasto be de-
terminedby an integral equation,as will be shownin the
following.

Starting from the definition of AL(r), Eq. (4), we @an
calculatethe xc four-potentialcorrespondingo an orbital-
dependenixc energyfunctional by applying the chain rule
for functional derviatives:

AESLPM(r): E fd3rrf d3ru
*Cz<ak$8|:
SEL el der) | | oAs(r")
dpi(r')  SAs,(r") SjH(r)

(7)

The last term on the right-handside of Eq. (7) is readily
identifiedwith theinverseof the staticresponsdunctionof a
systemof noninteractingDirac particles

xs'(rr’)i=—m, (8)
sothat Eq. (9) canbe rewrittenas

AE(SLPM(r) — 22 j d3r ’ f d3r”

—Co<gysep

SE et dei(r') ) L
5(,Dk(r’) 5ASV(r”) +c.c XSV,LL(r ,I’).
9

Acting with the responseoperator(8) on Eq. (9) and using
the identity

f d3r x g (1" XE(r,r)=8,78(r"=r")  (10)
we obtain (after rearranginghe indices

f A ATSPM(r )X )

ROP . '
_ 22 fd3r’ OE,¢ N[{(PI}] opi(r )+C.C. (11)

B 5(,Dk(r,) 5AS,U,(r)

To further evaluatethis equation we notethatthe first func-
tional derivativeon the right-handside of Eq. (11) is readily

—C°<gxs=ep
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computedoncean expressiorfor ER>F™ in termsof single-
particlespinorsis given. Theremainingfunctionalderivative
is calculated by using standard first-order perturbation
theory,yielding

Sei(r’) e (r')—
A1) = _8|<P|(r)7"¢k(r)-

) €k
£k

12

This equationalso enablesus to give an explicit expression
for the responsdunction

S

xs'(rr')i=——-
SAs, (1)

) ?k<r>w<pk<r>)
o (13)

in termsof the RKS spinors:

s 2E(r')y%(r')ﬁ(r)ywk(r)

14 ! —
xs"(r',r)= -
—c?<e<ep © &8

Ik

+c.c. (14

Finally, putting Egs.(11), (12), and(14) togetherdeadsto the
ROPM integral equationsfor the local xc four-potential
AROPM(r):

XCi

S || edr ARt
*C2<8kSSF
5E)I?COPM , ;
ey SN Y Yedn+ec=0,
Pk
©=0,1,2,3 (15)
whereGg(r',r) is definedas
r (Pl(r,)(Pr<r)
Gadr'ini=2 — =0 (16
g
14k

Now the ROPM schemeis complete:For a given approxi-
mation of the xc energy,the ROPM integral equationshave
to be solved for AZOPM(r) simultaneouslywith the RKS
equation(2) until self-consistencys achievedNote thatEqg.
(15) determinesthe xc four-potential A%(r) only up to an
arbitrary constant, which can be specified by requiring
AZOPM(r) to vanishasymptotically(for finite systems

To concludethis section,we note that exchangeand cor-
relation contributionscan be treated separatelywithin the
ROPM schemeThis is mosteasily seenby startingout with
only the exchange four-potential, defined as
Ay (r)=6E,/8j,(r), insteadof Eq. (4) and repeatingthe
stepswhich leadto Eq. (15) andlikewise for the correlation
potential.
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IV. TRANSFORMATION OF THE ROPM
INTEGRAL EQUATIONS
AND THE RELATIVISTIC KLI APPROXIMATION

In orderto usethe ROPM equationsderivedin the pre-
ceding section,we haveto solve Eq. (15) for the xc four-
potential.Unfortunately,thereis no known analytic solution
for Afor*(r) dependingexplicitly on the set of single-
particlespinors{ ¢;}. We thereforehaveto dealwith Eq. (15)
numerically,which is a ratherdemandingtask. Thusa sim-
plified schemefor the calculation of A% (r) appears
highly desirable.

To this end we shall perform a transformationof the
ROPM integral equationssimilar to the one recentlyintro-
ducedby KLI in the nonrelativisticdomain[29,31]. This will
leadto an alternativebut still exactform of the ROPM inte-
gral equationwhich naturally lendsitself as a startingpoint
for systematicapproximationsWe startout by defining

w;<r>:=f d3r'(a<r')y”A58F’M<r'>

ROPM
OoE ¢

dei(r’)

Gg(r',r), (17)

suchthatthe ROPM integral equationscan be rewrittenas

Y oD yYHen+c.c=0,

—C2<€k§€|:

(18

wherethe adjoint spinor%(r) is definedin the usualway,
ie.,

D)=y (17", (19
Since the RKS spinors{¢;} spanan orthonormalset, one
readily provesthe orthogonalityrelation

f Ay (e (r)=0. (20)

We now usethefact that Gg,(r’,r) is the Greenfunction of
the RKS equationprojectedonto the subspacerthogonalto
or(r), i.e., it satisfiesthe equation

Gadr’ NI (N =& ]=—[8(r' =1 =@ (r e (n)].
(21)

The operatorﬁg(r) denotesthe Hermitian conjugateof the
RKS Hamiltonian,

hp (r):=2"icy-V+c2+y"Ag,(1)], (22)
actingfrom the right on the unprimedvariableof Gg(r’,r)
(the arrow on top of the gradientindicatesthe direction in
which the derivativehasto betaker). UsingEq. (21), we can

actwith the operator[ﬁS(r) —¢g] from theright on Eq. (17),
leadingto
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ROPM
S (r

_RO PM_ T
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(23

1A ROPM

wherewe haveintroducedA, ™ asa shorthancdhotationfor

the averagevalue of y’AR°PM(r) with respectto the kth
orbital, i.e.,
A= J EronyA™Mnedn @4
and
SE ROPM
uxc:k Jda ‘Pk(r)- (25

The differential equation(23) hasthe structureof a RKS
equationwith an additional inhomogeneityterm. Together
with the boundarycondition

r—om

l//:(l’) — 0,

Eq. (23) uniquely determinesys, (r). To prove this state-
ment,we assumehattherearetwo independensolutionsof
Eq. (23), namely, i 4(r) and i, 5(r). Thenthe differenceof
thesetwo solutions, W, (r):= i 1(r) — i 5(r), satisfiesthe
homogeneouRKS equation

(26)

Wy (NS —e]=0, @7
which hasa uniquesolution
W (n=gy (1), (28)

if the aboveboundarycondition is fulfilled. However,this
solutionleadsto a contradictionto the orthogonalityrelation
(20) so that W,/ (r) can only be the trivial solution of Eq.
(27),

Wy (r)=0, (29

which completeshe proof.
As an interestingaside,we briefly considerthe physical
meaningof the quantity #, (r). Defining
5% SE,.

of (1) 0Pkalr)’

xck( r) (30)

with @ and 8 denotingspinorindicesrunning from 1 to 4,
we canrewrite Eq. (17) as

()

W= f A3’ @f (1 Yy AR
“'I

Isék

—Uya(D1Ppi(r"), (31

where summationover a and 8 is implicitly understood.

From this equation,it is obviousthat ¢ (r) is the usual
first-ordershift in the wave function causedby a perturbing

potential 6A,.=(y°y"ARSPM—y, ). This fact also moti-

vates the boundary condition assumedabove. In x-only
theory,u,q(r) isthelocal, orbital-dependenRHF exchange
potential so that #, (r) is the first-order shift of the RKS
wave function towardsthe RHF wave function. However,
one hasto realize that the first-order shift of the orbital-
dependenguantity u,y[{¢i} ] hasbeenneglected.

Now we use Eg. (23) to further transformthe ROPM
equations (18). As a first step, we solve Eq. (23) for
AYr)W, (r), leadingto

ERCOPM

Sei(r)

AAN) P (D) == @(r) y"ARIPMr) —

+(Ayek— Uxat) @1 (1)

—r)(icy V+ci—y-Ag)— %), (32

We then multiply the ROPM equations(18) by the zeroth
componenbf the effective RKS four-potentiaI,Ag(r) , yield-
ing

> AU (DY er)+cc=0, (33
—c<ey<ep
andemployEg. (32) to obtain
EROPM
(1) y"ARPM ) - = __
3 ;g e YRG5 5
— (A= Uyad e (1)
+nlicy-V+c2—y Ag(r) —7%]
X YOy e(r)+c.c=0. (34)
Introducingthe 4 X 4 matrix
1 o 0
FUi=5 0 2 ey e +ee. (39
—C <8k$8|:
anddefining
ROPM
u i XC 0. u
aXCk(r)' 5(Pk(r) Y (Pk(r)
—n(nlicy-V+c2—y-Ag(r) = »7e,]
X Y2 y*eu(r), (36)
we rewrite Eq. (34) as
T (DAG™Mr)
= 2 [ah)+HEN AR ug)]+cc.,
—C <ak<£|:
(37)

with j{(r) being the four-currentwith respectto the kth
orbital:
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) = @) Y ei(r). (39)

In orderto solve Eq. (37) for AECCI_)LPM(r), we first haveto
investigatewhetherthe 4X 4 matrix J(r), definedby Eqg.
(35), is nonsingularj.e., whetherthe inverse7 ~(r) exists.
We thereforecalculatethe determinanof J(r), yielding

j2(r) )
c2n¥(r))’
(39

de[j(r)]=[j°(r)]2~jM(r)j“(r)=n4(r)( 1-

where the last equality follows from the decompositionof
the four-currentinto the scalardensity and the vector com-
ponentsaccordingto

. 1
J"(r)=(n(r),51(r)>- (40)
Since the currentj(r) divided by the density n(r) is the
velocity field of the system,it follows from v(r)<c that
defJ(r)]#0 (41)
andthereforethat the matrix 7(r) is nonsingular.
Solving thenEq. (37) for AR°PM(r) yields

XCu

1
AP =2 i) 2 [a(n)
2 7C<sk$a,:

+ () (ARSPM—u ) 1+ c.c.

(42)
We emphasizehatEq. (42) is anexact transformatiorof the
ROPM equation(15). In particular,Eqg. (42) is still aninte-
gral equation.However,its advantagdies in the fact that it
naturallylendsitself asa startingpoint for deriving system-
atic approximationof AZOPY(r): We only needapproximate
¥ (r) in Eq. (36) by a suitablefunction of the setof RKS
orbitals {¢;}. The simplest possible approximationis ob-
tainedby completelyneglectingthe termsinvolving ¢ (r)
in Eqg. (36). Although this approximationmay seemto be
rathercrude,it wasshownto producehighly accurateresults
in the nonrelativisticcase[29,31].

The xc potential AR°PMr) is then approximatelydeter-

XC,
mined by the following léquation:

XC

5EROPM
(WYOVW(U

1
A (N=5T () 2

7C2<akS£F

+cC.C.

+ () (AREH = U ) (43)

This equationestablisheshe generalizatiornof the nonrela-
tivistic KLI approximationto the realm of relativistic sys-
tems.

In contrastto the ROPM equation(15), the relativistic
KLI (RKLI) equation,althoughstill beingan integral equa-
tion, can be solved explicitly in terms of the RKS spinors
{¢;}: Multiplication of Eq. (43) with j{*(r), summingover
all ., andintegratingover spaceyields
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_ 1 _
Ax<:I:K>§cI + Z Mlk(xsclliu_ E( Uyck ™ u:ck) )

—Co<gysep

(44)
wherewe havedefined
Ffwf Erjf(n ()
1 SEROPM
X = 0’0 (r)+cC.C.
27C2<8ks8F 5¢k(r) Y'Y on( )
(45)
and
W= [ @rito s dmin. @

The unknown coefficients] AR — 1 (U, — UZ,) ] arethen

determinedby the linear equation

1 _
22 (5Ik_MIk)(KECII<<LI_E(uxck_u:ck)

—C<gy=ep

1
:<K>§cl_§<uxcl_u;cl))- (47)
Solvingthis equationandsubstitutingthe resultinto Eq. (43)
finally leadsto an expressionfor the xc four-potential
AL (r) thatdependsexplicitly on the setof single-particle
spinors{ ¢;}. We thushaveobtaineda methodof calculating
the xc four-potential ARO™™(r) in an approximateway,
which is numerically much less involved comparedto the
full solutionof the ROPM integral equations.

V. ELECTROSTATIC LIMIT

The ROPM andRKLI methodsdevelopedn the preced-
ing sections,can be appliedto systemssubjectto arbitrary
static externalfour-potentials.In particular,the methodsal-
low us to deal with external magneticfields of arbitrary
strength.Yet, in electronicstructurecalculationsof atoms,
molecules,and solids, we most commonly encountersitua-
tions, where no magneticfields are present(in a suitable
Lorentzframe, typically the restframe of the nuclej.

Thus in this sectionwe considerfour-potentialswhose
spatial componentsvanish, i.e., Aq(r)=0. (This also in-
cludesa partial fixing of the gauge) In this situation,a sim-
plified Hohenberg-Kohn-Shanschemecan be developed,
statingthatthe zerothcomponenn(r) =j°(r) of theground-
statecurrentdensity alone determineghe externalpotential
Vexd N] andthe ground-statevave function ¥ n] uniquely
(for a discussionon this so-called“electrostatic case” cf.
Refs.[21,23). Consequentlypnly a scalareffective poten-
tial Vg(r) is presentin the RKS equation(2).

When orbital-dependenfunctionalsare usedfor the xc
energyin this context,the correspondingscalarxc potential
V,(r) canbe calculatedby repeatingthe stepsof Sec.lll.
Onethenfindsthe ROPM integralequationfor the “electro-
staticcase™:
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:S J.d3 r(¢ (r VROPW: )

*C <exsef

ROPM
OoE;

 Se(r')

We mention that the sameresultis obtainedif one de-
mandsthat Vg(r) be the variationally best local effective
potential yielding single-particle spinors minimizing the
total-energyfunctional (5), i.e.,

) Ggl(r',r e (r)+c.c=0. (48)

ROPM
5Et0t

oV(r)

=0.

_\yROPM
Vg=VE

(49

In fact, usingthis approachShadwick,Talman,andNorman
[22] derivedthe x-only limit of the ROPM integralequation
(48).

Comparedto the four ROPM integral equations(15),
which determinethe xc four-potentialAScC/’fM, Eq. (49) is
considerablysimpler. Still, its numericalsolutionis a rather
demandingtask which has beenachievedso far only for
systemsof high symmetry,i.e., sphericalatoms [21-24].
Again, an approximateROPM schemecan be derived: Fol-
lowing the argumentsof Sec.lV, the ROPM integral equa-
tion (48) canbe exactly rewrittenas

Ve =g L2 Ovach (Vi Ua ]
C<sk$s,:
+c.c., (50)
where
1 5EROPM .
chk(r)::m(ﬁ‘:ok(r)_iCV[‘//k(r)'y(Pk(r)])
(51
and
ROPM
w;(r):=fd3r’(cp;’(r )VROPM(r ) — ot )> Ge(r',r)
(52

similar to Eq. (17). Equation(50) representshe “electro-
staticcase” analogof Eq. (42) andcanalsobe approximated
in the sameway, namely, by neglectingall termsinvolving
e (r) in Eq. (51).

In the contextof the “electrostaticcase” consideredhere,
somemoreinsightinto the natureof this approximationcan
be gained:It canbe interpretedas a “mean-field”-type ap-
proximationin the sensethat the averageof the neglected
termswith respectto the ground-statedensity vanishes.To
demonstratehis, we note that the neglectedermsaveraged
overn(r) aregivenby

3 o] rvpnvednltee. 69

Applying the divergencetheorem this integral canbe trans-
formedto a surfaceintegralwhich vanishedor finite systems
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if thesurfaceis takento infinity. Hence nheglectingtheterms
involving ¢ (r) meansreplacing them by their average
value,which is zero.

The xc potential VROPM(r) can thereforeapproximately
be determinedby the following equation, leading to the
RKLI equationfor the “electrostaticcase”:

ROPM
OoE¢

Sei(r)

2

c?<e KSEE

Vie ()=

2n(r)_

+n(ND(VRY —u ) | +ee. (54

From this form it is obviousthat the RKLI potentialclosely
resemblesherelativistic Dirac-Slatempotentialaswell asthe
nonrelativisticKLI potential. Whetherthe accuracyof the
correspondingnonrelativistic schemeis maintainedin the
relativistic domainwill beinvestigatedn the following sec-
tion.

VI. RESULTS

In this section,we testthe accuracyof the approximate
ROPM schemegderivedwithin the frameworkof the “elec-
trostatic case” in the last section, for atomic systems.In
order to assesghe quality of this approximation,exactre-
sults either for the xc energy E,. or for the xc potential
V,.(r) would be useful. However,for systemswvhererelativ-
istic effectsbecomeimportant,e.g.,high-Z atoms,exactre-
sults are presentlynot available.Consequentlywe haveto
look for a different standardo comparewith.

Sucha standardreferenceis availablewithin the x-only
limit of RDFT [21,23,24. Asin the nonrelativisticcase the
x-only limit of the xc energyfunctionalis definedby the use
of the exactexchangeenergyfunctional,i.e., by the relativ-
istic Fock term, Eq. (6), in the caseof only longitudinal
(Coulomb interactions.(Since,in the presentcontext, our
principal goalis to the testthe quality of the RKLI method,
we restrict ourselvesto this longitudinal caseand neglect
transverseontributions) As explainedin the precedingsec-
tion, the exact longitudinal exchangepotential V)';(r) can
thenbe obtainedby solvingthe full ROPMintegralequation
(15) with E, replacedby EL®*®", Simultaneoussolution of
the ROPMintegralequationandthe RKS equation(2) there-
fore representshe exactimplementationof the longitudinal
x-only limit of RDFT. This schemewill serveasareference
standardn the following.

It is first compared— of course— to the RKLI method,
which employsthe sameexact expression(6) for the ex-
changeenergy and only approximatesthe local exchange
potentiaIV)';(r) by meansof Eq. (54). Besidesthat, we list
the resultsfrom traditional RKS calculationsobtainedwith
the longitudinal x-only RLDA (xRLDA) and two recently
introduced relativistic generalizedgradient approximation
(RGGA) functionals [24]: The first one is basedon the
Becke88GGA [42] (RB88), the secondoneon a GGA func-
tional due to Engel, Chevary,MacDonald,and Vosko [11]
(RECMV92).

These various approachesare analyzed for spherical
(closed-shejlatoms.To this end,the spin-angulapartof the
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TABLE I. Longitudinalground-stateenergy— Eth from variousself-consistenk-only and RHF calcula-
tions. A denoteshe meanabsolutedeviationand § the averagerelative deviation(in 0.1 percen} from the
exactROPM values(all energiesarein hartreeunits).

RHF ROPM RKLI RB88 RECMV92 XRLDA
He 2.862 2.862 2.862 2.864 2.864 2.724
Be 14.576 14.575 14.575 14.569 14.577 14.226
Ne 128.692 128.690 128.690 128.735 128.747 127.628
Mg 199.935 199.932 199.931 199.952 199.970 198.556
Ar 528.684 528.678 528.677 528.666 528.678 526.337
Ca 679.710 679.704 679.702 679.704 679.719 677.047
Zn 1794.613 1794.598 1794.595 1794.892 1794.880 1790.458
Kr 2788.861 2788.848 2788.845 2788.907 2788.876 2783.282
Sr 3178.080 3178.067 3178.063 3178.111 3178.079 3172.071
Pd 5044.400 5044.384 5044.380 5044.494 5044.442 5036.677
Cd 5593.319 5593.299 5593.292 5593.375 5593.319 5585.086
Xe 7446.895 7446.876 7446.869 7446.838 7446.761 7437.076
Ba 8135.644 8135.625 8135.618 8135.612 8135.532 8125.336
Yb 14067.669 14067.621 14067.609 14068.569 14068.452 14054.349
Hg 19648.865 19648.826 19648.815 19649.141 19649.004 19631.622
Rn 23602.005 23601.969 23601.959 23602.038 23601.892 23582.293
Ra 25028.061 25028.027 25028.017 25028.105 25027.962 25007.568
No 36740.682 36740.625 36740.609 36741.900 36741.783 36714.839
A 0.006 0.189 0.168 8.668
5 0.002 0.103 0.108 6.20

RKS wavefunctionis treatedanalyticallyandthe remaining
radial Dirac equationis solvednumericallyon a logarithmic
mesh[21]. In all our calculationswe usefinite nuclei mod-
eledby a homogeneouslghargedspherewith radius

Rpue= 1.0793AY3+0.73587 fm, (55)
whereA is the atomic masstakenfrom [43]. We mentionin
passingthat employingfinite nuclei is not necessaryo en-
sure convergentresults as, for example,in the relativistic
Thomas-Fermimodel. We incorporatefinite nuclei because
they representhe physically correctapproach.

In Tablel, we showthe longitudinal ground-stateenergy
E;; Obtainedfrom the various self-consistenk-only RDFT
approachesand, in addition, from relativistic Hartree-Fock
(RHF) calculations.Comparingthe first two columns,we
recognizethat the RHF andthe ROPM dataare very close.
The largestdeviation is found for Be with 41 ppm. With
increasingatomic number, the inner orbitals, contributing
mostto the total energy,becomemore and more localized
suchthatthe differencebetweenthe nonlocalRHF potential
andthelocal ROPMdecreasedn fact, for No, thedifference
is downto 2 ppm. We emphasizdahat thesedifferencesare
dueto the different natureof the two approacheswhile the
RHF method,by construction,yields the variationally best
energy,the ROPM schemeadditionally constrainsthe ex-
changepotentialto be local. Consequentlywe expectthe
ROPM resultsto alwaysbe somewhathigher, which is con-
firmed in Table I. In the third column, the total energies
obtainedfrom the RKLI approximationare presentedThey
alwayslie abovethe correspondingfROPM valuessincethe
sameexchangeenergyfunctional is employedin both ap-

proaches and the variationally best local potential
VL:ROPM(1) is approximatedby Eq. (43) in the RKLI ap-
proach.However,the resultsare clearly seento agreevery
closely: For the mean absolutedeviation from the exact
ROPM dataof the 18 neutral atomslisted in Table I, one
obtainsonly 5 mhartree.Thus the RKLI method impres-
sively improveson the RLDA results,for which we find a
meanabsolutedeviationof 6092 mhartree.The accuracyof
the RKLI schemebecomeseven more obviouswhen com-
paredto the RGGAs. Both RGGAs improve significantly
overthe RLDA method.Still, their deviationsfrom the exact
ROPM data are more than one order of magnitudelarger
comparedo the RKLI results.

Thetrendsfoundin the abovediscussiorarealmostiden-
tical to the onesfoundin the nonrelativisticcase.In orderto
analyzethe relativistic effectsmore directly, we additionally
considerthe relativistic contributionto Ef,, definedby

AE o =E[nR]—ERRnNR]. (56)
Via this decompositionye are ableto testthe quality of the
RKLI schemeindependentlyof the accuracyof its nonrela-
tivistic equivalent.Yet, at first, we wantto point out thatthe
relativistic treatmentleadsto drastic correctionsespecially
for high-Z atoms.For example, Tablell showsthatthe rela-
tivistic correctionof Hg amountsfor about6.7% of the total
energythus demonstratinghe needfor a fully relativistic
treatment.Furthermore by comparingthe secondand third
columnsof Tablell, we realizethatthe ROPMandthe RKLI
methodyield almostidentical resultsfor the relativistic con-
tribution AE,;. In otherwords,almostno additionaldevia-
tions areintroducedby the relativistic treatmentof the KLI
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TABLE II. Relativisticcontribution— AEL, from variousself-consistenk-only andRHF calculations A
denotesthe meanabsolutedeviationand & the averagerelative deviation (in 0.1 percent from the exact
ROPM values(all energiesarein hartreeunits).
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RHF ROPM RKLI RB88 RECMV92 XRLDA
He 0.000 0.000 0.000 0.000 0.000 0.000
Be 0.003 0.003 0.003 0.003 0.003 0.002
Ne 0.145 0.145 0.145 0.145 0.145 0.138
Mg 0.320 0.320 0.320 0.321 0.321 0.308
Ar 1.867 1.867 1.867 1.867 1.867 1.821
Ca 2.953 2.953 2.953 2.952 2.953 2.888
Zn 16.771 16.770 16.770 16.779 16.779 16.555
Kr 36.821 36.820 36.820 36.822 36.821 36.432
Sr 46.554 46.553 46.553 46.552 46.551 46.092
Pd 106.527 106.526 106.526 106.526 106.525 105.715
Cd 128.245 128.243 128.243 128.243 128.241 127.323
Xe 214.860 214.858 214.858 214.825 214.822 213.522
Ba 252.223 252.222 252.221 252.176 252.173 250.725
Yb 676.559 676.551 676.549 676.590 676.588 673.785
Hg 1240.521 1240.513 1240.511 1240.543 1240.538 1236.349
Rn 1736.153 1736.144 1736.142 1736.151 1736.151 1730.890
Ra 1934.777 1934.770 1934.768 1934.781 1934.783 1929.116
No 3953.172 3953.155 3953.151 3953.979 3954.015 3944.569
A 0.001 0.056 0.058 1.788
KR 0.009 1.14 1.35 33.7

scheme Consideringnow the relativistic correctionscalcu-
lated with the conventionaRDFT methodsthe conclusions
drawnin the discussiorof Ef, canbe repeatedComparedo
the RKLI methodthe RGGA resultsareworseby morethan
oneorderof magnitudewhereaghe RLDA is the by far least
accurateapproximation.

Thesetrendsalso remainvalid when other quantitiesof
interestareconsideredFor examplejn Tableslll andIlV we
have listed the relativistic contributionsto the longitudinal
exchangeenergy definedanalogouslyto Eq. (56). Again, the
RKLI methodalmostexactly reproduceghe ROPM results.
It is worthwhile noting thatthe exchangeanergyE§ is influ-
encedquite substantiallyby relativistic effects,too. Taking
againHg asan example,we realizethat the 5.8% contribu-
tion to Ey is of the sameorderasfor the total energy.Fur-
thermore evenfor lighter atomssuchas Mg, the relativistic
correctionsto E'; are comparableor even larger than the
differencesbetweenthe currently best nonrelativistic ex-
changefunctionals. As a consequencea relativistic treat-
mentis indispensabldor the ultimate comparisonwith ex-
perimentq 21]. Next, we turn our attentionto the calculation
of AE, from the RGGA functionalslisted in the third and
fourth columnsof Tablelll. With the exceptionof No, the
resultsare alsoin excellentagreementvith the exactones.
However,whenwe turn our attentionto other systemslike
someions of the neon-isoelectroniseriesshownin Table
IV, we recognizehatthe RGGAscannotreproducehe exact
resultsto the samelevel of accuracyas obtainedfor the
neutralatomsabove[24]. This canbe explainedby the fact
thatthe RGGAsare optimizedfor the neutralatoms.In con-
trast,the agreementf the RKLI resultswith the exactones
for theseionsis asgoodasfor the neutralatoms.

TABLE I1ll. Relativistic contribution —AE, to the exchange
energyfrom variousself-consistenk-only calculations.A denotes

the meanabsolutedeviationand?theaveragereIativedeviation(in
percent from the exactROPM values(all energiesarein hartree
units).

ROPM RKLI RB88 RECMV92  xRLDA
He 0.000 0.000 0.000 0.000 0.000
Be 0.001 0.001 0.001 0.001 0.000
Ne 0.015 0.015 0.015 0.015 0.007
Mg 0.029 0.029 0.029 0.029 0.015
Ar 0.118 0.118 0.117 0.118 0.069
Ca 0.172 0.172 0.171 0.171 0.104
Zn 0.627 0.626 0.632 0.632 0.402
Kr 1.215 1.214 1.212 1.211 0.814
Sr 1.478 1.477 1.473 1.472 1.005
Pd 2.785 2.787 2.782 2.780 1.958
Cd 3.264 3.264 3.255 3.252 2.322
Xe 5.021 5.020 4.977 4.974 3.657
Ba 5.739 5.736 5.684 5.680 4.215
Yb 12.043 12.024 12.027 12.024 9.194
Hg 19.963 19.956 19.965 19.957 15.734
Rn 26.637 26.620 26.612 26.610 21.307
Ra 29.241 29.218 29.225 29.224 23.513
No 52.403 52.402 53.168 53.205 43.683
A 0.004 0.053 0.056 1.819
5 0.079 1.03 0.857 35.9
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TABLE 1V. Relativistic contribution —AE, to the exchange
energy from various self-consistentx-only calculationsfor some

ions of the neon-isoelectroniseries.A denotesthe meanabsolute

deviationand & the averageaelativedeviation(in percenf from the
exactROPM values(all energiesarein hartreeunits).

ROPM  RKLI RB88 RECMV92 xRLDA
car 0.159 0.160 0.158 0.158 0.093
Zr30* 1528 1.528 1.507 1.509 0.983
Nd>°* 5780 5.783 5.667 5.675 3.970
Hg'®" 15599 15.606 15.293 15.325 11.365
Fmo* 36.475 36.494 36.258 36.366 28.173
A 0.006 0.132 0.102 2.992
S 0.041 1.34 1.17 31.8

To further proceedwith our investigation,we next raise
the questionof how well local propertiessuch as the ex-
changepotential V)&(r) are reproducedwithin the different
RDFT methods.In Fig. 1, the exchangepotentialis plotted
for the caseof Hg. As expectedthe RKLI resultfollows the
exactcurvemostclosely.Yet, the pronouncedhell structure
apparentin the ROPM curve is not fully reproduced.al-
thoughclearlyvisible (cf. the moredetailedplot in Fig. 2), in
the RKLI approximation.However, it againimprovessig-
nificantly overthe conventionaRDFT results,wherethe in-
tershell peaksare strongly smearedout or evenabsent.In
Fig. 3, the asymptoticregion, which is of particularimpor-
tancefor excitation properties,is plotted in greaterdetail.
Therewe recoverthe known deficiencief the conventional
RDFT functionals:The RLDA aswell asboth RGGAsfall
off much too rapidly. In contrast,the RKLI and ROPM
curves becomeindistinguishablein the asymptoticregion,
both decayingas1/r asr—o andthusreflectingthe proper
cancellationof self-interactioneffects.Sinceall theseobser-
vationsare alreadyknown for the correspondingqionrelativ-
istic functionals,we againconsiderthe relativistic contribu-
tion separatelyThis relativistic contributionto the exchange
potential,given by

VIInRI(r) = VERNR](r)

AV, (r):= (57
" VPR (r)
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FIG. 1. Longitudinal exchangepotential Vk(r) for Hg from
variousself-consistenk-only calculations(in hartreeunits).
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FIG. 2. Longitudinal exchangqaotentialvk(r) for Hg showing
the shell structureof Fig. 1 in moredetail (in hartreeunits).

is plottedin Fig. 4. We first observestrongoscillationsbe-
tween0.1a.u.and5 a.u.Theseoscillationsareintroducedby
the displacemenbf the densitydueto relativistic effectsand
thusrepresent directconsequencef the atomicshell struc-
ture. As the shell structureof the exchangepotentialis not
fully reproducedwithin the RKLI approachthe amplitudes
of the oscillations are somewhat smaller compared to
AVI™™(r). While thesedeviationsare clearly visible, the
RKLI curveis still closestto the exactone,especiallyin the
regionnearthe nucleusandin the asymptoticregion,where
large deviationsoccurfor the conventionaRDFT methods.
The propertiesof the x potentialin thelarge+ asymptotic
region also strongly influencethe eigenvalueof the highest
occupiedorbital shownin Table V: Due to the correctas-
ymptotics, the energiescalculatedwithin the RKLI scheme
arealmostidenticalto the exactROPM results.On the con-
trary, thelack of the correctl/r behaviorof the RGGAsand
the RLDA showsup in ratherpoorly reproducecigenvalues
of the highestoccupiedstate.Sincein the exactnonrelativ-
istic theory,the highestoccupiedenergylevel coincideswith
the ionization potential[44], we alsolist this quantity,given
by I=Ei{N—1]-E{N], in Table VI. Again, the RKLI
and ROPM methodsprovide almostidentical results.In ad-

-0.001
-0.01 F
S E
3, -0.1
NG 1k ———- RKLI
----- RLDA
------ RB88
10} ~—— RECMV92
2 7 12

r [a.u.]

FIG. 3. Asymptoticregion of the longitudinal exchangepoten-
tial of Fig. 1 (in hartreeunits).
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FIG. 4. RelativisticcontributionAV,(r), Eq. (57), for Hg from
variousself-consistenk-only calculations(in hartreeunits).

dition, when comparingthe ionization potentialto the ener-
gies of the highestoccupiedlevel, we seethat the relation
| = ey — which we of courseexpectto hold only approxi-
mately, since correlation contributionsare neglected— is
fulfilled within a few percentfor the ROPMandRKLI data,
whereaghe resultsof the conventionak functionaldiffer to
amuchlargerextent.To concludewe notethattheinclusion
of relativistic effectsleadsto large correctionsfor heavyat-
oms even for the outermostorbitals: Taking Hg as an ex-
ample,we find a 20% shift for the ionization potential.

TABLE V. Eigenenergy— ey of the highestoccupiedorbital
from various self-consistentx-only calculations.A denotesthe

meanabsolutedeviationand & the averagerelative deviation (in
percent from the exact ROPM values(all energiesare in hartree
units).

ROPM OPM RKLI RB88 RECMV92 xRLDA

Be 0.309 0.309 0.309 0.181 0.182 0.170
Mg 0.253 0.253 0.253 0.149 0.149 0.142
Ca 0.196 0.196 0.196 0.116 0.116 0.112
Zn 0.299 0.293 0.298 0.195 0.194 0.191
Sr 0.181 0.179 0.181 0.108 0.108 0.104
Cd 0.282 0.266 0.282 0.183 0.182 0.181
Ba 0.163 0.158 0.163 0.097 0.097 0.095
Hg 0.329 0.262 0.332 0.223 0.222 0.222
A 0.001 0.095 0.095 0.099
S 0.156 38.3 38.4 40.0

TABLE VI. lonization potential calulatedfrom various self-
consistenix-only calculationsA denoteghe meanabsolutedevia-

tion and 8 the averageelativedeviation(in percent from the exact
ROPM values(all energiesarein hartreeunits).

ROPM OPM RKLI RB88 RECMV92 xRLDA
Be 0.296 0.295 0.296 0.326 0.327 0.312
Mg 0.243 0.243 0.243 0.269 0.269 0.261
Ca 0.189 0.188 0.189 0.210 0.210 0.205
Zn 0.284 0.278 0.283 0.339 0.338 0.334
Sr 0.175 0.172 0.175 0.195 0.196 0.192
Cd 0.269 0.253 0.268 0.315 0.315 0.314
Ba 0.157 0.152 0.157 0.176 0.176 0.174
Hg 0.313 0.250 0.312 0.364 0.363 0.364
A 0.000 0.034 0.034 0.029
5 0.130 135 13.6 11.6

VIl. CONCLUSIONS

In this work, we derivedan approximateROPM scheme
generalizingthe argumentof Krieger, Li, and lafrateto the
relativistic domain.As for the full ROPM, the advantageof
the RKLI methodlies in the fact that xc functionalsdepend-
ing explicitly on a setof RKS single-particlespinorscanbe
treatedwithin the frameworkof RDFT. This, in particular,
allows us to employ the exactexpressiorfor the exchange
energyfunctional,i.e., the relativistic Fock termin the lon-
gitudinalcase. Thereforethe RKLI approactsatisfiesa num-
ber of importantproperties,most notably the freedomfrom
self-interactiondmplying the correctasymptoticdecay.

In numericaltestson sphericalatomswithin the longitu-
dinal x-only limit of RDFT the RKLI methodwas found to
be clearly superiorto the known relativistic x-only function-
als. The resultsobtainedare seento be in close agreement
with the exactROPM values,thusreducingthe deviationof,
for example,the widely usedRLDA by morethanthreeor-
dersof magnitude.On the other hand, the numericaleffort
involvedis considerabljesscomparedo the solutionof the
full ROPM scheme.We therefore expect that the RKLI
schemewill be successfullyusedfor larger (nonspherical
systemseg.g.,moleculesjncluding alsocorrelationcontribu-
tions.
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