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Exchange interactions in III-V and group-IV diluted magnetic semiconductors
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Effective pair exchange interactions between Mn atoms in III-V and group-IV diluted magnetic semicon-
ductors are determined from a two-step first-principles procedure. In the first step, the self-consistent electronic
structure of a system is calculated for a collinear spin structure at zero temperature with the substitutional
disorder treated within the framework of the coherent-potential approximation. The effective exchange pair
interactions are then obtained in a second step by mapping the total energies associated with rotations of
magnetic moments onto an effective classical Heisenberg Hamiltonian using the magnetic force theorem and
one-electron Green functions. The formalism is applied to Ga12xMnxAs alloys with and without As antisites,
and to Ge12xMnx alloys recently studied experimentally. A detailed study of the behavior of pair exchange
interactions as a function of the distance between magnetic atoms as well as a function of the concentrations
of the magnetic atoms and compensating defects is presented. We have found that due to disorder and the
half-metallic character of the system the pair exchange interactions are exponentially damped with increasing
distance between the Mn atoms. The exchange interactions between Mn atoms are ferromagnetic for distances
larger than the ones corresponding to the averaged nearest-neighbor Mn-Mn distance. The pair exchange
interactions are also reduced with increasing concentrations of the Mn atoms and As antisites. As a simple
application of the calculated exchange interactions we present mean-field estimates of Curie temperatures.

DOI: 10.1103/PhysRevB.69.115208 PACS number~s!: 75.50.Pp, 71.15.Nc, 71.20.Nr, 75.30.Et
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I. INTRODUCTION

The diluted III-V magnetic semiconductors~DMS! are
materials which exhibit spontaneous ferromagnetism m
ated by holes in the valence band of the host semicondu
and thus represent new materials with promising applicati
in spintronics. They have attracted a great deal of atten
from both the experimental1 and theoretical2,3 points of view.
Most of the effort in the past has focused on III-V com
pounds but theoretical investigations based on the mean-
solution of the so-called kinetic exchange model2 ~KEM!
have predicted also ferromagnetism in group-
semiconductors.3 Recently such compounds were prepar
by two groups4,5 with a Curie temperature of the same ord
as in III-V compounds.

In this paper we present a systematic first-principles st
of pair exchange interactions in~Ga,Mn!As and ~Ge,Mn!
DMS as a function of both the distance between magn
atoms and the impurity concentrations. The knowledge
these exchange interactions allows one to address in d
the character of magnetic excitations in the DMS. Magne
excitations in ferromagnets are of two different kind
namely, Stoner excitations associated with longitudinal fl
tuations of the magnetization, and spin waves, or magn
corresponding to collective transverse fluctuations of
magnetization direction. The low-temperature regime
dominated by magnons, and Stoner excitations can be
glected. Pair exchange interactions thus allow one to ev
ate the Curie temperature, the spin-wave stiffness, and
spectrum of low-lying magnetic excitations.

We shall adopt here a two-step procedure6 which consists
0163-1829/2004/69~11!/115208~11!/$22.50 69 1152
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in mapping of the complicated itinerant electron system o
an effective Heisenberg Hamiltonian and a consequent ap
cation of statistical mechanical methods. The validity of th
approach, based on the adiabatic approximation, is in
ticular justified for magnetic atoms with large exchange sp
tings, such as, e.g., Mn atoms. The mapping is further s
plified by using the magnetic force theorem6 which states
that the band energy of the calculated ground state wit
collinear spin structure can be used as an estimate for co
sponding total-energy differences. Recently, we have ca
lated first-principles effective pair exchange interactions
real space for bulk transition metals,7 rare-earth metals,8 as
well as for low-dimensional systems such as ultrathin film9

and used these interactions in order to estimate Curie t
peratures and magnon spectra, which were in a good ag
ment with the available experimental data. Here we exte
this approach to a random system, in particular to the DM

Ground-state density-functional calculations of DM
which form the first step for a mapping to a Heisenbe
model, fall into two groups. One group consists of a sup
cell approaches10–14 in which big cells are used to describ
low concentrations of magnetic atoms and other impuriti
In the other group Green-function methods are employed
which the configurational averaging is performed within t
coherent-potential approximation~CPA! as implemented,
e.g., in terms of the Korringa-Kohn-Rostoker method15–18or
the tight-binding linear muffin-tin orbital method~TB-
LMTO!. Both groups have advantages and drawbacks.
CPA, e.g., can treat any alloy composition whereas pro
description of very low concentrations of various impuriti
typical for DMS in the framework of the supercell approa
©2004 The American Physical Society08-1
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is numerically quite demanding. The CPA also takes prope
into account effects of finite lifetimes of electronic stat
caused by disorder, which are neglected in a supercell
proach. On the other hand, the CPA does not include lo
environment effects which to some extent can be simula
by a supercell approach. The mapping of calculated gro
states to a Heisenberg model and a determination of
exchange interactions between magnetic atoms, howe
can be also performed on the basis of super
calculations.4,19

II. FORMALISM

Here we briefly summarize the computational details a
the direct evaluation of the effective pair exchange inter
tions.

A. Electronic structure

We have determined the electronic structure of the D
in the framework of the first-principles all-electron TB
LMTO method in the atomic-sphere approximation20 using
empty spheres in the interstitial tetrahedral positions of
zinc-blende or diamond lattice needed for a good space
ing. We used equal Wigner-Seitz radii for all sites. The v
lence basis consists ofs, p, and d orbitals; we included
scalar-relativistic corrections but neglected spin-orbit effe
Substitutional disorder due to various impurities, both m
netic and nonmagnetic, is included by means of the C
Charge self-consistency is treated within the framework
the local spin-density approximation using the Vosko-Wi
Nusair parametrization for the exchange-correlat
potential.21 The experimental lattice constants of the ho
semiconductor,a55.653 Å for GaAs anda55.658 Å for
Ge, were used also for (Ga12x2yMnxAsy)As and Ge12xMnx
alloys. We have verified, however, that we can neglec
weak dependence of the sample volume on defect conce
tions. Further details of the method can be found in Ref.

B. Effective pair exchange interactions

We now briefly describe the mapping of the total ener
of a spin-polarized electron system onto an effective class
Heisenberg model6,7

H52(
iÞ j

Ji j ei•ej . ~1!

Here, ei and ej are the unit vectors of the local magnet
moments at sitesi and j, and theJi j denote the effective pai
exchange interactions between atoms carrying magnetic
ments. It should be noted that in the present formulation
values and signs of the magnetic moments are already
sorbed in the definition of theJi j ’s: positive~negative! values
correspond to ferromagnetic~antiferromagnetic! coupling.

For applications to the DMS, we have to generalize
theoretical approach developed in Refs. 6 and 7 to disord
systems. The Heisenberg parameters are obtained in term
the magnetic force theorem6 by ~i! directly evaluating the
change in energy associated with a small rotation of the s
11520
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polarization axes in atomic cellsi and j, and ~ii ! using the
vertex-cancellation theorem~VCT!.23,24 The VCT justifies
the neglect of disorder-induced vertex corrections in Eq.~2!
and greatly simplifies calculations. The VCT was derived
Ref. 24 under rather general conditions and it facilitates
efficient evaluation of exchange interactions, exchange s
nesses, spin-wave energies, etc. The derivation of config

tionally averaged effective pair exchange interactionsJ̄i j
M ,M8

between two magnetic atomsM ,M 8 located at sitesi and j
follows therefore closely the case without randomness:6,7

J̄i j
M ,M85

1

4p
ImE

C
trL@d i

M~z!ḡi j
M ,M8↑~z!d j

M8~z!ḡ j i
M8,M↓~z!#dz .

~2!

Here, trL denotes the trace over angular momentaL
5(,m), the energy integration is performed in the upp
half of the complex energy plane along a contourC starting
below the bottom of the valence band and ending at
Fermi energy, andd i

M(z)5Pi
M ,↑(z)2Pi

M ,↓(z), where the
Pi

M ,s(z) are theL-diagonal matrices of potential function
for s5↑,↓ corresponding to a particular magnetic atomM.
The matrixd i

M(z) reflects the exchange splitting of atomM.

The quantitiesḡM ,M8↑
i j (z) and ḡM8,M↓

j i (z) refer to site off-
diagonal blocks of the conditionally averaged Gre
function,22 namely, the average of the Green function over
configurations with atoms of the typesM and M 8 fixed at
sitesi andj, respectively. The exchange interactions betwe
magnetic moments induced on nonmagnetic atoms are
ligible as compared to the exchange interactions betw
substitutional Mn atoms on the Ga sublattice or on t
equivalent Ge sublattices, i.e.,M5M 85Mn. The main ad-
vantage of the present approach is an explicit expression
J̄i j

Mn,Mn which can be evaluated straightforwardly even f
large distancesd5uRi2Rj u between sitesi and j and thus
allows us to study their asymptotic behavior as a function
the distanced. The effect of impurities on the host ban
structure, which need not be a small perturbation, is usu
neglected in model theories,2,3 where the unperturbed hos
Green function appears in Eq.~2! rather than its condition-
ally averaged counterpartḡMn,Mns

i j (z).
In the low-concentration limit Eq.~2! reproduces cor-

rectly the Ruderman-Kittel-Kasua-Yosida~RKKY ! type ex-
pression for exchange interactions between two magnetic
purities in a nonmagnetic host:25

Ji j
RKKY5

1

4p
ImE

C
trL$d i

imp~z!gi j
imp,↑~z!d j

imp~z!gji
imp,↓~z!%dz .

~3!

Here,gi j
imp,s(z) is the Green function of two Mn impurities

embedded in the semiconductor host, evaluated at sitesi , j
where impurities are located. A conventional RKKY expre
sion is obtained by replacing the spin-dependent impu
Green functiongi j

imp,s(z) by the nonmagnetic ideal Gree
function gi j

GaAs(z) or gi j
Ge(z) of the host crystal. The neglec

of the renormalization of the host Green function by scatt
ings on impurities is twofold: it introduces a phase factor a
8-2
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EXCHANGE INTERACTIONS IN III-V AND GROUP-IV . . . PHYSICAL REVIEW B69, 115208 ~2004!
modifies the amplitude of the oscillations as compared to
conventional RKKY formula.25

It should be noted that the numerical evaluation of expr
sions~2! and~3!, in particular for large distances, requires
careful Brillouin-zone~BZ! integration ~typically, 105–106

of k points in the full BZ are needed for large distances su
as 10 lattice constants and more, and for energy points on
contourC close to the Fermi energy!. The exchange interac
tions in real space can be evaluated also in the frozen m
non approach applied in supercell schemes by means o
inverse Fourier transformation. The calculated values

J̄i j
M ,M8 are, however, limited to a subset of all possible pa

of magnetic atoms which in turn form an ordered subse
magnetic sites on the lattice.19

C. Curie temperatures

Once the effective pair exchange interactions are de
mined a number of relevant quantities related to the magn
state can be determined. In particular, the mean-field va
~MFA! of the Curie temperature (Tc) is simply given by

kBTc
MFA5

2x

3 (
i ( iÞ0)

J̄0i
Mn,Mn , ~4!

where the sum extends over all sites occupied by Mn ato
on the Ga sublattice or on two equivalent Ge sublattices
(Ga12xMnx)As and Ge12xMnx alloys, respectively.

The simplest way of estimatingTc is an evaluation of the
effective on-site exchange parameter for Mn atomJi

Mn de-
fined as6,7

J̄i
Mn52

1

4p
ImE

C
trL$d i

Mn~z!@ ḡi i
Mn,↑~z!2ḡi i

Mn,↓~z!#

1d i
Mn~z!ḡi i

Mn,↑~z!d i
Mn~z!ḡi i

Mn,↓~z!%dz. ~5!

In Eq. ~5! the quantitiesḡi i
Mn,s(z) (s5↑,↓) refer to the site-

diagonal blocks of the conditionally averaged Green fu
tion, namely, to the average of the Green function over
configurations with a Mn atom fixed at the sitei.22 The
mean-field value ofTc is then simply given by

kBTc
MFA5 2

3 J̄i
Mn. ~6!

The effective on-site exchange parameterJ̄i
Mn has the physi-

cal meaning of an exchange field produced by all neighb
ing magnetic moments acting on the Mn atom at the sii
~Ref. 6!,

J̄i
Mn5x (

j ( j Þ i )
J̄i j

Mn,Mn . ~7!

The mean-field expressions forTc , Eqs.~6! and ~4!, are in
principle mutually equivalent. Expression~6! has some ad-
vantages as compared to Eq.~4!: it does not require a sum
mation over all shells and includes contributions from sm
induced moments on nonmagnetic atoms. On the other h
expression~4! can be generalized to alloys with few differe
11520
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magnetic atoms. It should be noted that recent studies26,27

confirm that the mean-field approximation estimate ofTc in
DMS is well justified.

For a matter of completeness, we mention another sim
estimate ofTc as obtained from first-principles calculation
by relatingTc to the total energy differenceD per unit cell
between the ferromagnetic and the disorder local mom
~DLM ! state,28,29 i.e., D5EDLM2EFM ,

kBT̃c52D/3x. ~8!

Results based on Eqs.~8! and~4! agree reasonably well with
each other;28 Eq. ~8!, however, cannot be generalized to a
loys containing more than one kind of magnetic atoms w
different concentrations.

III. RESULTS

We have calculated the exchange interactionsJ̄i j
Mn,Mn

as a function of the interatomic distanced5uRi2Rj u and
studied the effect of impurities in ferromagnet
(Ga12x2yMnxAsy)As and Ge12xMnx . As a simple illustra-
tion of the calculated exchange interactions we pres
mean-field estimates of the Curie temperature.

A. Electronic properties

In Fig. 1 calculated total densities of states~DOS! as well
as local DOS for the Mn atoms in (Ga0.94Mn0.05As0.01)As
and Ge0.975Mn0.025 alloys are shown. The results for~Ga,
Mn!As alloys, Fig. 1~a!, are in a good agreement with bot
supercell and CPA studies for alloys without A
antisites.12,13,19,29The main effect of As antisites on the DO
is a shift of the Fermi level toward the top of the valen
band thus reducing the number of hole carriers in comp
son with the case without As antisites, and the presenc
localized states due to As antisites in the gap of the majo
states~see also Ref. 18!. The results for~Ge,Mn! alloys, Fig.
1~b!, are similar to those for~Ga,Mn!As alloys: there is a
well pronounced Mn peak in the local Mn-DOS inside t

FIG. 1. Spin-dependent total densities of states and local
densities of states for~a! ferromagnetic (Ga0.94Mn0.05As0.01)As and
~b! ferromagnetic Ge0.975Mn0.025 alloys. The Fermi level coincides
with the energy zero.
8-3
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valence band and there are Mn-induced states at the to
the valence band in which the Fermi level lies. The width
the Mn-local DOS is larger for~Ga,Mn!As thus indicating a
strongerpd hybridization as compared to~Ge,Mn! alloys.
Another important feature observed in both alloy system
their half-metallic character: the Fermi level lies in the gap
the minority states but inside the valence band. The h
metallic character has two important consequences:~i! an
integer value of the total magnetic moment per Mn ato
namely, 4mB and 3mB for ~Ga,Mn!As and~Ge,Mn! alloys,
respectively; and~ii ! it leads to an exponential damping o
exchange interactions between the Mn atoms with dista
~see Sec. III B!. The calculated total magnetic moments p
Mn atom are in a good agreement with other theoret
studies12,13,19,29and with experiments for~Ge,Mn! alloys.4

The calculated DOS indicate that the majority and minor
states are influenced differently by disorder: while the ma
ity DOS differs non-negligibly from the corresponding ho
semiconductor DOS, the minority DOS closely resembles
The most detailed description of the influence of disorder
electronic states is provided by Bloch spectral functio
~BSF!, which in random alloys substitute the concept of ele
tron bands.22 We illustrate this point for the BSF calculate
at theG point (k50) in the case of Ge0.975Mn0.025, Fig. 2.
We show there in dashed lines the BSF’s of the pure Ge
which are simplyd-function-like at energies correspondin
to the electronic bands atk50. As can be seen in the energ
region of the Mn states,EP(20.2,0.1) Ry, the valence mi
nority states are only very weakly broadened by disorder
exhibit quasiparticle behavior, while both the valence (G258 )
and the conduction (G28) majority states are strongly influ
enced by disorder and no longer exhibit quasiparticle beh
ior. It is obvious that the effect of disorder is important clo
to the Fermi energy and does modify the values ofJ̄i j

Mn,Mn ,
Eq. ~2!. In particular, the damping of electronic states
illustrated in Fig. 2 leads to a damping of theJ̄i j

Mn,Mn with
increasing distance between Mn atoms~see Sec. III B!.

FIG. 2. Spin-dependent Bloch spectral functions at theG point
corresponding to the Ge sublattices for ferromagnetic Ge0.975Mn0.025

~full lines! and for a reference pure Ge system~dashed lines!.
11520
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B. Exchange interactions: theoretical remarks

We will first discuss qualitatively the dependence
J̄i j

Mn,Mn on the distanceRi j 5uRiÀRju. In the limit of large
values ofRi j the expression~2! can be evaluated analyticall
by means of the stationary phase approximation.7 By gener-
alizing the approach developed in Ref. 7, we obtain

J̄i j
Mn,Mn}exp~2li j

↑
•Ri j !

3exp~2kF
↓
•Ri j !

sin~kF
↑
•Ri j 1F↑1F↓!

Ri j
3

. ~9!

The quantitykF
s , which characterizes the period of oscilla

tions, is the Fermi wave vector in a direction such that
associated group velocity¹kĒ

s(kF) is parallel toRi j . Be-
cause of disorder, the band energyĒs(k) is modified by the
real part of the corresponding spin-dependent self-energ
the Fermi energy~determined within the CPA! while its
imaginary part characterizes the dampingli j

s . The damping
due to disorder is anisotropic inside the BZ,22 the factorli j

↑

therefore depends on the direction ofRi j . Because of the
half-metallic character of~Ga,Mn!As and~Ge,Mn! alloys ~a
fully occupied minority band!, the corresponding critica
Fermi wave vectorkF

↓ of the minority states is complex,kF
↓

5ImkF
↓ . This situation is similar to that studied in Ref. 7 fo

strong ferromagnets with a fully occupied majority band. F
nally, F↑ and F↓ denote the corresponding phase facto
For the alloy case we thus find an exponential damping
J̄Mn,Mn with the distance, because of~i! the damping due to
substitutional disorder which was predicted by de Genne30

and~ii ! additional damping due to the half-metallic charac
of ~Ga,Mn!As and ~Ge,Mn! alloys. It should be noted tha
both types of damping are missing in simple model theor
that assume an unperturbed host semiconductor.2 The damp-
ing due to disorder refers to configurationally averaged
change interactions whereby exchange interactions in e
alloy configuration can exhibit a slower decay with
distance.31 The averaged exchange interactions are samp
directly or indirectly in experiments when measuring, e.
Curie temperatures and spin-wave spectra.

C. Exchange interactions:„Ga1ÀxÀyMn xAsy…As

The dependence of the exchange interactionsJ̄i j
Mn,Mn on

the distance between Mn impurities for disorder
(Ga0.95Mn0.05)As and for a model of two Mn impurities in an
ideal GaAs host@Eq. ~3!# with the Fermi level shifted into
the valence band to accommodate the same number o
lence holes as for (Ga0.95Mn0.05)As is shown in Fig. 3. We
have calculated values ofJ̄Mn,Mn(d) corresponding to more
than 200 coordination shells in the disordered fcc-Ga sub
tice to verify the asymptotic behavior. The expected decay
the exchange interactions with distance is clearly seen
both cases@Fig. 3~a!#; for a quantitative analysis, howeve
we need a different presentation of results. A suitable w
e.g., is to plot lnud3J̄Mn,Mn(d)u as a function of the distanc
d. From such a presentation one can extract straightforwa
8-4
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the expected exponential damping@see Figs. 3~b! and 3~c!#.
For the model of two impurities we observe essentially
RKKY-type behavior without damping. For the alloy cas
on the contrary, we find a well-pronounced exponen

damping ofJ̄Mn,Mn(d) with distance. It should be noted tha
the exchange interactions are strongly anisotropic with
spect to different directionsdÄRi2Rj . A more detailed

study of J̄Mn,Mn(d) as calculated along the~dominating!
nearest-neighbor direction@110# on the Ga sublattice is pre
sented in Figs. 4 and 5. We observe exponentially dam
oscillations for (Ga0.95Mn0.05)As ~Fig. 4! with a period of
about 5.5a, wherea is the lattice constant. This period

larger than the average distanced̄Mn,Mn between two Mn

FIG. 3. ~a! Dependence ofJ̄Mn,Mn(d/a) on the distanced in
ferromagnetic (Ga0.95Mn0.05)As and, for two Mn impurities, in
GaAs with the same number of valence holesnh50.05; ~b,c! de-

pendence of lnu(d/a)3J̄Mn,Mn(d/a)u on the distanced for above two
cases.
11520
a
,
l
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d

nearest neighbors at a given concentrationx. A simple esti-
mate ford̄Mn,Mn is given by

d̄Mn,Mn52A3 3

Bpx
a, ~10!

whereB516, 32 for~Ga,Mn!As and~Ge,Mn! alloys, respec-
tively. For (Ga0.95Mn0.05)As this estimate yieldsd̄Mn,Mn

52.12a.
The leading exchange interactionsJ̄Mn,Mn(d) in

(Ga0.95Mn0.05)As, Fig. 4~a!, are essentially ferromagnetic
and, because of the damping, the antiferromagnetic va
are very small due to a large oscillation period. This findi
supports the basic assumption made in model studies:
coupling between two Mn atoms is ferromagnetic and os
latory with a period that exceeds the typical interatomic d
tance between magnetic atoms because of the small siz
the corresponding hole Fermi surface. This feature is cle
illustrated in Fig. 4~b! where we plot (d/a)3J̄Mn,Mn(d) as a
function of the distance between two Mn atoms: the sma
the concentrationx, i.e., the smaller the size of the corre
sponding hole Fermi surface, the larger the period of
damped oscillations. It should be noted that next near
neighbor interactions are important and contribute sign
cantly to the value ofTc @see Eq.~4!#. For example, the first

FIG. 4. Dependence of pair exchange interactions on the
tanced between two Mn atoms along the nearest-neighbor direc
@110# in ferromagnetic (Ga12xMnx)As for four different concentra-

tions x: ~a! J̄Mn,Mn(d/a) and ~b! (d/a)3J̄Mn,Mn(d/a).
8-5
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two ~four! nearest-neighbor shells contribute about 50
~75%! to the value ofTc @see Fig. 4~a!#.

The effect of As antisites on the Ga sublattice on e
change interactions is illustrated in Fig. 5, where we comp
the results for (Ga0.952yMn0.05Asy)As with y50 and y
50.01. As can be seen from Fig. 5~b! for the case of the
@110# direction, the presence of As antisites reduces the n
ber of holes in the valence band which in turn leads to
enlarged period of damped oscillations fory50.01. It should
be noted that the oscillations for bothy50 andy50.01 are
exponentially damped, the damping being slightly larger
the case with As antisites. The first nearest-neighbor inte
tions are reduced by nearly an order of magnitude as c
pared to the case without antisites while the reduction
other interactions is less pronounced@see Fig. 5~a!#.

The dependence of the exchange interactions betwee
first nearest neighbors as a function of the Mn concentra
with and without the doping by As antisites is shown in t
inset of Fig. 5~a!. In general, we observe a decrease of
leading J̄1

Mn,Mn with increasing concentrations of both M
atoms and As defects, the decrease with increasing con

FIG. 5. Exchange interactions in ferromagne
(Ga0.952yMn0.05Asy)As for two different concentrationsy of As an-

tisites:~a! J̄Mn,Mn(d/a) as a function of the distanced between two
Mn atoms. In the inset the first nearest-neighbor exchange inte

tions J̄1
Mn,Mn are shown as a function of the Mn concentrationx; ~b!

lnu(d/a)3J̄Mn,Mn(d/a)u as a function of the distanced between two
Mn atoms along the nearest-neighbor direction@110#.
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tration y of As antisites being weaker. TheJ̄1
Mn,Mn are ferro-

magnetic in alloys without donors, but may change their s
for highly compensated systems, i.e., for smaller Mn conc
trations. This indicates the instability of the ferromagne
state with increasing antisite concentration@see also Fig.
11~b!#. The kink in the dependence ofJ̄1

Mn,Mn for x50.02 and
y50.01 marks the change ofp-type doping ton-type doping.
The decrease of the dominating exchange interactions
Mn concentration is also in agreement with the froze
magnon calculations in Ref. 19 using a supercell approa
These results are in striking contrast to those of the sim
free-electron model: the amplitude of RKKY oscillations
proportional to the size of the Fermi wave vectorkF ,32

which, in turn, is roughly proportional tox1/3. The modified
expression for the RKKY interaction in DMS which phe
nomenologically takes into account the effect of disorder w
presented in Ref. 33. In there an exponentially damped fa
due to de Gennes30 was added neglecting, however, the co
centration dependence. It should be noted that the ampli
of oscillations has to be regarded as an asymptotic prop
and conclusions made from its preasymptotic behavior h
to be taken with care.

In Fig. 6 we show the dependence of theJ̄i j
Mn,Mn ~multi-

plied by the RKKY prefactord3) with respect to the distanc
d along the directions@100#, @110#, and@111# in the Ga sub-
lattice of (Ga0.95Mn0.05)As alloy. The dominating characte
of the exchange interactions along the@110# direction can
clearly be seen as well as the smallness of the interact
along the@100# direction. The anisotropic character of th
exchange interactions, i.e., the Fermi-surface anisotr
along different directions in the BZ, whose spanning vect
determine the periods of the damped oscillations, is also
vious.

It is interesting to compare the behavior of the exchan
interactions in (Ga0.95Mn0.05)As and (Ga0.95Mn0.05)N alloys.
The GaN-based DMS behave quite differently as compa
to conventional GaAs-based DMS,29 namely,~i! the gap in
the host GaN semiconductor is significantly larger than t

c-

FIG. 6. Exchange interactions (d/a)3J̄Mn,Mn(d/a) in ferromag-
netic (Ga0.95Mn0.05)As calculated as a function of the distanced
between two Mn atoms along@100#, @110#, and@111# directions.
8-6
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EXCHANGE INTERACTIONS IN III-V AND GROUP-IV . . . PHYSICAL REVIEW B69, 115208 ~2004!
in GaAs, and~ii ! the formation of the impurity band of Mn
atoms in the gap is due to strong alloy scattering on the
atoms. We have also studied the effect of electron corr
tions for the Mn atoms in the framework of the LDA1U
approach, where LDA stands for local-density approxim
tion. The first such study was done by adopting a super
approach34 while the present calculations were performed
the framework of the CPA. We have used the same par
eters for the correlation energyU ~0.3 Ry! and the intrasite
exchange energyJ ~0.08 Ry! as in Ref. 34. The results o
both approaches for~Ga,Mn!As alloys agree well: the DOS
in the LDA1U is sharper, located further off the Fermi e
ergy, thus leading to an enhanced local moment of the
atoms (3.7mB and 4.4mB in the LDA and LDA1U, respec-
tively!.

Here we shall concentrate on the effect of electron co
lations on the exchange interactions in~Ga,Mn!As and
~Ga,Mn!N alloys. The results for the dependence ofJ̄i j

Mn,Mn

on the distanced between two Mn atoms~multiplied by the
RKKY prefactor d3) are summarized in Fig. 7. We clear
observe a much stronger damping of the exchange inte
tions with distance in~Ga,Mn!N which is due to the large
gap in GaN semiconductor and the strong alloy scatterin
the impurity band combined with a half-metallic character
the ~Ga,Mn!N alloy. Electron correlations slightly enhanc
exchange interactions which, however, remain well localiz

FIG. 7. Exchange interactions (d/a)3J̄Mn,Mn(d/a) as a
function of the distanced between two Mn atoms evaluated alon
the nearest-neighbor direction@110# in the LDA and LDA1U:
~a! ferromagnetic (Ga0.95Mn0.05)As and ~b! ferromagnetic
(Ga0.95Mn0.05)N.
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in the real space. The damping of the oscillations ofJ̄i j
Mn,Mn

with distance in~Ga,Mn!As alloys is smaller in the LDA1U
description than in the LDA. The reason is the abov
mentioned downward shift of the Mn levels which reduc
the effect of disorder in this energy region and leads to m
pronounced oscillations ofJ̄i j

Mn,Mn with distance@Fig. 7~a!#.
For the same reason, the Fermi-surface geometry is cha
leading thus to a different period of damped oscillations.

D. Ge1ÀxMn x alloys

The dependence of exchange interactionsJ̄i j
Mn,Mn on the

distance between Mn atoms as well as on their concentra
in Ge12xMnx alloys is shown in Fig. 8. In~Ge,Mn! alloys
there are two types of exchange interactions, namely, for
atoms on the same Ge-sublattice and on different Ge su
tices. With the exception of the nearest neighbor~NN!

J̄i j
Mn,Mn between Mn atoms on different Ge sublattices, t

dominating interactions for Ge0.975Mn0.025are ferromagnetic.
It should be pointed out that the present calculations exh
a strong concentration dependence ofJ̄i j

Mn,Mn as can be seen
from the inset of Fig. 8 for the first NN terms between M
atoms on the same and different Ge sublattices. We see
for larger Mn concentrations we have antiferromagnetic c
pling between nearest-neighbor Mn atoms on different s
lattices which in turn is in qualitative agreement with th
results of Ref. 4. However, for smaller Mn concentration
the antiferromagnetic character of theJ̄1

Mn,Mn on different

FIG. 8. Exchange pair interactionsJ̄i j
Mn,Mn for ferromagnetic

Ge0.975Mn0.025as a function of distance between Mn impurities. T

dependence of the nearest-neighbor exchange interactionsJ̄1
Mn,Mn

on the Mn concentration is shown in the inset. Empty symb
denote case when sitesi and j are on the same sublattice while fu
symbols refer to sites on different sublattices.
8-7
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J. KUDRNOVSKÝ et al. PHYSICAL REVIEW B 69, 115208 ~2004!
sublattices is reduced and the coupling becomes ferrom
netic for x,0.015. On the other hand, theJ̄1

Mn,Mn between
Mn atoms on the same Ge sublattices decrease with incr
ing x but remain ferromagnetic, and a pronounced conc
tration dependence is found only for small Mn concent
tions. This behavior is quite similar to that of theJ̄1

Mn,Mn in
~Ga,Mn!As @see the inset in Fig. 5~a!, casey50.0]. It is
obvious from Fig. 8 and Eq.~4! that the J̄i j

Mn,Mn for more
distant pairs of Mn atoms influence the value ofTc signifi-
cantly as is the case in GaAs-based DMS.

In Fig. 9 we present the exchange interactionsJ̄Mn,Mn

multiplied by the RKKY prefactord3, Fig. 9~a!, as well as in
Fig. 9~b! in the form lnud3 J̄ij

Mn,Mnu, along the bond direction
(d is the distance between Mn pairs!. The following conclu-
sions can be made:

~i! Substitutional disorder and the nearly half-metal
character of~Ge,Mn! alloys lead to a strong, exponenti
damping of the RKKY-type oscillations. The exponent
character of the damping of oscillations is clearly seen fr
Fig. 9~b!.

~ii ! In accordance with a RKKY-type picture the period
the damped oscillations is inverse proportional to the size
the hole Fermi surface, i.e., to the concentration of Mn i
purities.

~iii ! As to expected, the exponential damping@the slope of
curves in Fig. 9~b!# increases with the concentrationx be-

FIG. 9. Exchange interactions between pairs of Mn impurities
Ge0.9975Mn0.0025~full symbols! and Ge0.98Mn0.02 ~empty symbols! as
a function of the distanced5uRi2Rj u along the bond direction:~a!

(d/a)3J̄i j
Mn,Mn(d/a) and ~b! lnu(d/a)3J̄i j

Mn,Mn(d/a)u.
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cause disorder in the system increases with the Mn con
tration. The damping is, however, smaller than in~Ga,Mn!As
alloys with the same concentration of Mn impurities.

~iv! The ferromagnetic character of the exchange inter
tions is preserved even for distances larger as compare
the average distance between two Mn impurities.

E. Curie temperatures: „Ga1ÀxÀyMn xAsy…As and Ge1ÀxMn x

The general trend of Curie temperatures
(Ga12x2yMnxAsy)As is illustrated in Fig. 10 as a function o
the chemical composition (x,y). Tc increases withx in sys-
tems without As antisites and reaches the room tempera
at approximately x50.05. Detailed results for
(Ga12x2yMnxAsy)As alloys without (y50.0) and with (y
50.01) As antisites are presented in Fig. 11~a!. In both cases
Tc saturates for higher Mn concentrations and then
creases. Such a behavior is the result of the interplay
tween two effects, namely, a decrease of the exchange in
actions with respect to the Mn concentration@see the inset in
Fig. 5~a!# which reducesTc , and the factorx in the expres-
sion ~4! which increasesTc . The same trend and simila
values ofTc were also obtained recently in the framework
the CPA approach29 and a frozen-magnon approach usi
large ordered supercells.19 The Curie temperature for a fixe
Mn concentration is strongly reduced with increasing co
centration of As antisites. This result which is known al
from model studies2,3 clearly indicates a strong correlatio
betweenTc and the number of carriers. It should be not
that the number of carriers is used in model studies only
an empirical parameter. Fory50.01 Tc is reduced by
'100–150 K over the whole range of Mn concentrations
compared to the case ofy50.0. This is in fair agreemen
with the experimental data for ferromagnetic metal
samples (0.035,x,0.055).1

The concentration of As antisitesy in Mn enriched
samples is not well known from the experiment.1 A detailed
knowledge ofTc as a function ofx andy as shown in Fig. 10
allows us to estimate the relation betweenx and y in such
systems. In Fig. 10 we have inserted the experimental po

n

FIG. 10. Contour plot of the Curie temperature of ferromagne
(Ga12x2yMnxAsy)As as a function of the composition (x,y). The
diamonds refer to experimental values~Ref. 1! ~see the text!, the
dotted line represents a least-square fit to these data.
8-8
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FIG. 11. ~a! Curie temperatures o
(Ga12x2yMnxAsy)As in the ferromagnetic state
Eq. ~6!, as a function ofx for y50 andy50.01
as compared to the experiment, Ref. 1~empty
diamonds: metallic ferromagnet, full diamond
nonmetallic samples!; ~b! Curie temperatures o
ferromagnetic (Ga0.952yMn0.05Asy)As as a func-
tion of y. The dependence of the nearest-neighb

exchange interactionsJ̄1
Mn,Mn on the concentra-

tion of As antisites for a fixed Mn concentratio
x50.05 is shown in the inset.
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for each experimentalTc that corresponds to a givenx and
determined the concentrationy such that the calculated an
experimental1 Tc coincide. The data obtained in this wa
follow approximately a straight line, which in turn sugges
that the number of As antisites increases with the concen
tion of Mn atoms. A recent evaluation of formation energ
of the As-antisite defects in~Ga,Mn!As ~Ref. 35! confirms
this conclusion.

For a fixed Mn concentration the dependence ofTc on the
concentration of As antisites is presented in Fig. 11~b!, and
shows a monotonic decrease ofTc with increasingy due to
the decreasing number of holes in the valence band whic
turn mediates the ferromagnetic coupling between Mn
oms. This result is in qualitative agreement with predictio
of the KEM model.2,3 As to be expected, the leadingJ̄1

Mn,Mn

depend on the Mn concentration in the same manner as
Curie temperature@see inset in Fig. 11~b!#. J̄1

Mn,Mn becomes
antiferromagnetic for a slightly smallerx than the value at
which Tc disappears. This again confirms the fact that n
nearest neighborsJ̄Mn,Mn are also important for the Curi
temperature.

The calculated mean-field values ofTc , Eq. ~6!, for
Ge12xMnx alloys as a function of concentrations are p
sented in Fig. 12 together with available experimental da4

The present results are also compared with the percola
model calculations of Ref. 4. The calculated mean-field v
ues ofTc for Ge12xMnx alloys are in fair qualitative agree
ment with the experiment, which similar to~Ga,Mn!As al-
loys also show a monotonic increase ofTc with the
concentrationx and saturation for higher Mn concentration
The concentration of magnetically active Mn atoms in t
experiment is smaller than the actual Mn concentrationx.4

Assuming a total magnetic moment per Mn atom close
3mB , the authors of Ref. 4 estimate that only about 40–60
of Mn atoms are magnetically active. This was appro
mately taken into account here by assuming thatxe f f5x/2,
where xe f f is the effective Mn concentration. The resu
shown in Fig. 12 are in better agreement with the experim
but still overestimateTc . This deviation can be caused by~i!
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Mn atoms being in the interstitial rather than in the substi
tional position;~ii ! the fact that MFA usually overestimate
Tc ; and~iii ! possible clustering of Mn atoms and other loc
environment effects, which are neglected in the present M
study. The latter two effects can be accounted for in
framework of the Monte Carlo simulation in terms of a
effective Heisenberg model. It should be noted that
present results are in better agreement with the experim
than the percolation model of Ref. 4.

F. Effect of disorder on Curie temperature

The damping of the exchange interactions due to disor
and the half-metallic character of the DMS is usually n
glected in model studies. In a supercell approach, the h
metallic character of the system under investigation is

FIG. 12. Curie temperatures of Ge1002xMnx alloys as a function
of the concentration of Mn atoms: experimental values for~Ge,Mn!
alloys ~exp, Ref. 4!; the mean-field values determined from Eq.~6!
~MFA, full squares!; the results of the percolation theory~PT! for
~Ge,Mn! alloys in Ref. 4~triangles!. Also shown are the mean-field
values determined for the effective Mn concentrationxe f f5x/2
~open squares, see the text!.
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J. KUDRNOVSKÝ et al. PHYSICAL REVIEW B 69, 115208 ~2004!
cluded while the effect of disorder due to impurities
neglected. In the following we illustrate the effect of imp
rities on Tc by comparing fullyab initio calculations based
on the CPA with simplified models.

In the first model we assume that in (Ga0.95Mn0.05)As the
number of holesnh in the valence band corresponds to th
in (Ga0.952yMn0.05Asy)As, i.e.,nh50.0522y. The effect of
disorder due to As antisites which represent a strong pe
bation of the host electronic structure@see Fig. 1~a!# is thus
neglected~the rigid band model!. Results forTc obtained by
full and rigid band calculations areTc5221 K and Tc
5195 K for y50.005, respectively, and 126 and 79 K f
y50.01. While the trend is the same, i.e., a causing red
tion of Tc with a reduced number of hole carriers, there a
non-negligible quantitative differences when increasingy.

In the second model, we compareTc for two systems
(Ga0.92Mn0.05As0.01Zn0.02)As and (Ga0.94Mn0.05As0.01)
(As0.98C0.02), which have the same number of Mn atoms a
the same concentration of holes as in the refere
(Ga0.95Mn0.05)As alloy. In both alloys, Zn dopants on the G
sublattice and C impurities on the As sublattice act as acc
tors by compensating two electrons created in the vale
band by each As antisite. Because the numbers of Mn at
and the hole concentration in the valence band are the s
the KEM predicts the sameTc in both alloys as in the refer
ence case, namely 289 K. Full calculations taking into
count the effect of disorder yield for the Zn- and C-dop
alloysTc5282 and 260 K, respectively. This result is easy
understand: Zn impurities influence states lying far below
Fermi energy in the valence band, leaving thus the h
Fermi surface essentially unchanged. On the other han
dopants influence also states close to the Fermi energy, l
ing thus to a larger deviation from the reference value.

IV. CONCLUSIONS

We have performed self-consistent electronic struct
calculations for DMS within the local-density approximatio
by treating disorder within the framework of the cohere
potential approximation. Based on these first-principles c
culations we have determined effective pair exchange in
actions for~Ga,Mn!As and~Ge,Mn! alloys and presented
detailed study of their dependence on the distance betw
the Mn atoms as well as on their concentration and comp
sating defects. As a simple utilization of the calculated
change interactions we present a mean-field study of C
temperatures.

The main results can be summarized as follows:
~i! ~Ga,Mn!As and~Ge,Mn! alloys exhibit ferromagnetic

behavior with total magnetic moments per Mn atom of 4mB
in
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and 3mB , respectively. Both systems exhibit half-metall
behavior with filled minority subbands.

~ii ! In both systems the exchange interactions between
Mn atoms are ferromagnetic for distances larger than
average nearest Mn Mn distance as assumed in model s
ies.

~iii ! In both alloys the calculated exchange interactio
exhibit oscillatory character and are exponentially damp
by disorder and due to the half-metallic character of minor
bands, whereas the isolated Mn impurities in the semic
ductor host with the same number of valence holes exhibi
undamped RKKY-type behavior. The period of the damp
oscillations is inversely proportional to the number of v
lence holes~concentration of Mn atoms!.

~iv! The presence of compensating defects such as,
As antisites in~Ga,Mn!As which reduce the number of hole
in the valence band, leads to a longer period of dam
oscillations.

~v! The exchange interactions between Mn atoms
~Ga,Mn!As are reduced with increasing concentrations
both Mn and As impurities. The first nearest-neighbor int
actions between Mn atoms are ferromagnetic but beco
antiferromagnetic in highly compensated systems.

~vi! The nearest-neighbor exchange pair interactio
J̄1

Mn,Mn in ~Ge,Mn! alloys decrease with increasing Mn co
centration but remain ferromagnetic for Mn pairs on t
same Ge sublattices while for Mn pairs on different subl
tices they become antiferromagnetic with increasing Mn c
centration.

~vii ! The Curie temperature for~Ga,Mn!As alloys is
strongly reduced by increasing the concentration of As a
sites. A comparison of the calculated and the measured
centration dependences of the Curie temperature indicat
correlation between the concentration of Mn impurities a
of As antisites, namely, an increase of the donor concen
tion with an increase of the Mn content.

~viii ! The Curie temperature for~Ge,Mn! alloys increases
monotonically with the Mn concentration.
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